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The experience that has been gained by those who have 
used this book in Rugby and in other Schools has enabled 
me to make some important improvements in this edition. 
The first two sections have been entirely rewritten, and will 
be found easier and more exact The Exercises in the 
earlier sections have been increased in number. 

Book II. will, I hope, justify the remarks in pp. xii, xiii 
of the Preface to the first edition. 

Since this Geometry was written several similar works 
have appeared in England, and the use of them appears 
to be spreading, as schoolmasters recognize their merits 
as text-books, Cambridge, I regret to say, continues to 
demand Euclid and nothing but Euclid. 



Rugby, 
February ^ 1869. 



PREFACE TO THE FIRST EDITION OF 

BOOK I. 



The lately published Report of the Schools Inquiry 
Commission has given an immediate importance to the 
question whether Euclid's Elements is the proper text-book 
for teaching Geometry to beginners. Euclid's recognised and 
acknowledged faults as a system of Geometry, and as a 
specimen of analysed reasoning, are of slight importance 
compared with others of greater magnitude. The real 
objections to Euclid as a text-book are his artificiality, the 
invariably syllogistic form of his reasoning, the length of 
his demonstrations, and his unsuggestiveness. 

As to the first, he aimed, not at unfolding Geometry as 
a science, but at shewing on how few axioms and postulates 
the whole could be made to depend : and he has thus 
sacrificed, to a great extent, simplicity and naturalness in 
his demonstrations, without any corresponding gain in grasp 
or cogency. The exclusion of hypothetical constructions 
may be mentioned as a self-imposed restriction which has 
made the confused order of his first book necessaiy, with 
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out any compensating advantage. There is no real advan- 
tage in the arrangement of propositions by sequence which 
Euclid maintains so strictly, for nothing can be gained by 
excluding any sound method of reasoning: and if a direct 
proof can be found of any theorem, which naturally arises 
out of the data of the theorem, it is to be preferred to a 
circuitous proof which depends on other theorems. Thus 
if the Fifth Proposition c^-n be proved independently, and 
on its own evidence, it is certain that the decisive bearing 
of the data on the conclusion will be better appreciated than 
it would be on Euclid's method. . . 

Again, ag his self-imposed restrictions, geometrical and 
logical, have made his Geometry confused in its arrange- 
ment, and unnatural and forced in the nature of his proofs, 
so too the detailed syllogistic form into which he has 
thrown all his reasonings, is a source of obscurity to begin- 
ners, and damaging to true geometrical freedom and power. 

We put a boy down to his Euclid; and he reasons for the 
first time, a task in itself difficult enough; but we make him 
reason in iron fetters. There is, of course, a natural and 
inevitable difficulty in the task of tracing data into the infer- 
ences founded on them; the geometrical facts are new: it is 
new to the learner to find himself reasoning, consecutively at 
all. If then to all this novelty we add the constant analysis 
into syllogisms of inferences which are obvious without this 
analysis, and the constant reference to general axioms and 
general propositions, which are no clearer in the general 
statement than they are in the particular instance, we make 
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the study of Geometry unnecessarily stiff, obscure, tedious 
and barren. Many facts perfectly familiar to common sense 
and experience become strange and unrecognizable when 
thus expressed; and conclusions the most obvious become 
cloudy by the extreme detail of the proofs. And the result 
is, as every one knows, that boys may have worked at.Euclid 
for years, and may yet know next to nothing of Geometry. 

The length of his demonstrations is a real evil; for, 
when a geometrical theorem has become familiar, it is easy 
to analyse into a demonstration the perception that we have 
obtained of the certainty of the theorem, but until that 
familiarity is gained great length in demonstration exercises 
the memory more than the intelligence. Messrs. Demogeot 
and Montucci in their Report on English Education begin 
one of their chapters with the following remarkable words : 
''Le trait distinctif de Tenseignement des mathematiques en 
Angleterre c'est qu'on y fait appel plutot \ la m^moire 
qu'k rintelligence de Telfeve." And they remark later on, 
"On y trouve (in Euclid) sans doute une logique de fer, 
qui n'admet point de r^plique; mais aussi arrive-t-on aux 
rdsultats les plus ^vidents par un verbiage absolument en 
disaccord avec nos dldgantes habitudes d*une concision 
non moins vigoureuse que la. prolixity d'Euclide." And 
unquestionably one result of the tediousness of Euclid is 
that so little knowledge of geometry is gained; so little^ 
there is abundant evidence to prove, that our education is 
more marked by inferiority to other nations in this respect 
than in any other. 
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And again, unsuggestiveness is a great fault in a text- 
book. Euclid places all his theorems and problems on a 
level, without giving prominence to the master-theorems, or 
dearly indicating the master-methods. He has not, nor 
could he be expected to have, the modem felicity of nomen- 
clature. The very names of superposition^ locus^ intersection 
of lociy projection^ comparison of triangles y do not occur in his 
treatise. Hence there already exists a wide gulf between 
the form in which Euclid is read, and that in which he is 
generally taught. Unquestionably the best teachers depart 
largely from his words, and even from his methods. That is, 
they use the work of Euclid, but they would teach better 
without it And this is especially true of the application to 
problems. Everybody recollects, even if he have not the 
daily experience, how unavailable for problems a boy's 
knowledge oi Euclid generally is. Yet this is the true test 
of geometrical knowledge; and problems and original work 
ought to occupy a much larger share of a boy*s time than they 
do at present 

On the other side there will be brought two arguments, 
and in general two arguments alone. 

It will be urged that if Euclid is given up we shall lose 
the advantage of uniformity. Its place will be taken by 
scores of manuals of Geometry, and examinations in Geo- 
metry will become impossible. On' such a point it will be 
difficult to persuade others that the advantage is nearly 
imaginary. The fact is, that Geometry when treated as a 
science, treated inartificially, falls into a certain order from 
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whicli there caa be no very wide departure; and the 
manuals of Geometry will not differ from one another nearly 
so widely as the manuals of algebra or chemistry: yet it is 
not difficult to examine in algebra and chemistry. The 
experience of the French schools and examinations is de- 
cisive on this point I am assured that they experience no 
such difficulty in examining as we might imagine. It is 
true that by the loss of Euclid less weight will be given to 
bookwork, and more to problems, in elementary Geometry; 
but surely this will not be thought an evil. And to allow 
some latitude of expression is to admit dififerent degrees 
of elegance, accuracy and perspicuity, and cannot fail to 
encourage these merits in the style of the student 

Secondly, it is commonly said that Euclid is taught not 
so much for the sake of his Geometry as for the sake of 
his Logic. 

It is most important that there should be no confusion 
of ideas on this point 

Geometry is taught on several grounds; one of which 
is that it forms an excellent subject-matter for continuous 
reasoning and clear demonstration; and the merit of 
Euclid's treatment df Geometry consists in his resolutely 
fixing the mind on the things with which the argument is 
concerned, and never allowing the substitution of mere 
symbols. Algebra fails as a discipline because it speedily 
degenerates into a manipulation of symbols: in Euclid 
every step is planted on firm ground. Geometry treated 
algebraically would lose this merit altogether; but it is not 
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proposed to treat Geometry algebraically. I contend that 
it is possible to present the science of Geometry in a 
more natural and simple order, and demonstrate the 
properties of figures by proofs differing in many cases 
from Euclid's, without being less rigorous. 

And when it is urged that Euclid affords an excellent 
training in logic, it must not be forgotten that very heavy 
deductions have to be made from this argument. 

For the test of logical training is the power of applpng 
the same processes of reasoning to new matter. If a boy 
has learnt logic, he can use his logic It is a mere delusion 
to believe that boys or men have got a logical training 
from the study of EucUd if they are unable to solve a 
problem or work a deduction. Their recollection of Euclid 
may be perfect, but the test of training is the power it has 
given; and if boys can produce no original work, the 
training is assuredly worth very little. The fact is, Euclid 
is a beautiful exercise in logic to a mathematician; but the 
mathematics must in many cases be learnt first, or the 
training is hopelessly out of the learner's reach. 

Again, the artificial restrictions in Euclid are a serious 
drawback to his value as a logical training as well as to 
his system of Geometry. Many students of Euclid are 
incapable of distinguishing between a failure in a mathema- 
tical proof and in the observance of a conventional rule. 
Can it be called a good training in logic which obscures 
the distinction between what is artificial and what is 
necessary? Do not many mathematicians, trained in Euclid^ 
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say that trisecting an angle or squaring a circle is a Geo- 
metriaU impossibility, from this confusion of ideas? And 
again^ Euclid's treatment of parallels distinctly breaks down 
in. Logic. It rests on an axiom which is not axiomatia It 
is often said that mathematicians shew more anxiety about 
their reasoning than about their premises. Whether this be 
so or not, mathematicians have Euclid's example to plead. 

There is moreover a logic besides that of mere reason- 
ing. It is a most valuable discipline in logic to train the 
mind to scientific order; to teach the relation of general 
truths to each other, and to the particular cases which 
fall under them; to make science light its own way by 
means of a natural arrangement Now all this cannot be 
taught by Euclid at all, and might be taught by a well- 
arranged Geometry. 

In short, the logical training to be got from Euclid is 
very imperfect, and in some respects bad; and yet to this 
imperfect logical training, such as it is, we confessedly 
sacrifice our Geometrical teaching: while it is possible ,to 
arrange Geometry in a lucid order, and adhering to rigo- 
rous methods of demonstration, teach the logic as in- 
separable from the science. 

The very parts of Euclid's Geometry which are most 
admired by mathematicians, for their ingenuity and com- 
pleteness, as for example his definition of Proportion in 
Book v., are open to fatal objections. "Common sense," 
says De Morgan, "requires that we should satisfy the 
notion of proportion existing in the mind previously to 
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entering on Geometry as evinced by sameness of relative 
magnitude, and not invent a new notion for the occasions 
of Geometry." The reasoning is exquisite and profound; 
it is too exquisite; it leaves on most men's minds the 
half-defined impression that all profound reasoning is 
something far-fetched and artificial, and differing altogether 
fi:om good clear common sense. 

In common then with some of our ablest mathema- 
ticians, and with many who are engaged in teaching 
mathematics, I am of opinion that the time is come 
for making an effort to supplant Euclid in our schools 
and universities. Already the fifth book has practically 
gone; and in consequence the study of the sixth book 
has become somewhat irrational. 

For the improvement of our Geometrical teaching in 
England two things seem to be wanted. First, that Cam- 
bridge, and the Government Examiners, should follow the 
example of Oxford and London, and examine not in Euclid 
only, but in the Geometry of specified subjects, according 
to a programme for each examination. Secondly, that text- 
books should be written to illustrate what is required. 
This book is the first part of such a text-book of Elementary 
Geometry. Probably its method of treating propositions 
may be considered as sufficiently different from that com- 
mon in England to justify its publication. At the same 
time it may be remarked, that the forthcoming second part, 
which is to embrace the Geometry of the Circle and the 
applications of proportion to Plane Geometry, ought to 
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bring out in a stronger light than is here possible the 
superiority of modem to ancient methods of Geometry. 
The present Part may be used either as introductory to 
Euclid, or as replacing the first two books. In a few years 
I hope that our leading mathematicians will have pub- 
lished, perhaps in concert, one or more text-books of Geo- 
metry, not inferior, to say the least, to those of France, 
and that they will supersede Euclid by the sheer force of 
superior merit 

In the compilation of this little book, I lay claim to 
no originality. I have read several French Geometries, 
and am under some obligations to them. I owe more to 
the valuable suggestions of my colleague the Rev. C. E. 
Moberly, who has the spirit without the prejudices of a 
geometrician. But much of what is most characteristic in 
the book is due to Dr Temple. It was at his wish that 
I undertook the work, as he is strongly impressed with 
the need of it; and his criticisms and his contributions to 
it have enabled me to rearrange it and improve it in some 
important respects. And this gives me confidence in pub- 
lishing it At the same time we feel that the experience oi 
a few years in teaching with this book will enable me to 
make improvements in it, without departing widely from 
the lines here laid down. To Professor Hirst also I have 
the pleasure to express my thanks for some corrections 
and remarks. 

The distinctive features of this work are intended to 

be the following. The classification of Theorems according 
w. o. b 
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to their subjects; the separation of Theorems and Prob- 
lems; the use of hypothetical constructions; the adoption 
of independent proofs where they are possible and simple ; 
the introduction of the terms locus^ projection^ &»c; the 
importance given to the notion of direction as the property 
of a straight line; the intermixing of exercises, classified 
according to the methods adopted for their solution; the 
diminution of the number of theorems; the compression 
of proofs, especially in the latter part of the book; the 
tacit, instead of explicit, reference to axioms; and the 
treatment of parallels. 



J. M. WILSON. 



Rugby, 
April ^8, 1868. 
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INTRODUCTION. 



The notions of a solid, a surface, a line, are obtained by ex- 
perience from external objects. The science of Geometry 
deals with the properties and construction oi figures, that is 
of solids, surfaces, and lines considered independently of 
the substances of which they are composed. Plane Geometry 
deals only with the line and plaru, or flat surface ; and the 
elements of plane Geometry include the properties only of 
the straight line and circle^ and of combinations of straight 
lines and circles. 

The Science of Geometry is deductive, certain common 
notions being assumed, and shewn to lead necessarily to 
those results which constitute the science. These common 
notions are called axioms ^ which are therefore truths admitted 
without demonstrations. Some of these are geometrical ; 
others are applicable to all kinds of magnitude. The first 
should be stated explicitly, when they are first assumed; but 
the second are not peculiar to Geometry, and need not be 
stated explicitly. 

W. C, B 
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A Theorem is a Geometrical truth which is capable of 
demonstration by reasoning from certain known truths. 

A Corollary to a theorem is a geometrical truth easily 
deducible from that theorem. 

The sign = is used to represent equality. Thus A = B 
is written to express that A is equal to B. 

The signs > < are used to express * is greater than/ * is 
less than:' thus C>Z> expresses that Cis greater than/?. 

The sign + is used to express addition, and - to express 
subtraction. 

The sign .*. is used for therefore^ and •.* for because. 



BOOK I. 

In the present Book we shall treat only of certain pro- 
perties of straight lines, 

SECTION I. THE STRAIGHT LINE AND ANGLE. 

Def. I. A Surface is the boundary of a solid. 

JDef, 2. A geometrical line has position, and length, and 
at every point of it it has direction, but differs from a 
physical line in being considered as not having breadth or 
thickness. 

The boundaries of a surface are lines. 

Def. 3. A geometrical point has position, and differs 
from a physical point in being considered as not having 
magnitude. 
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The intersection of two geometrical lines, and the extre- 
mities of a geometrical line are points. 

When lines and points are spoken of it will be under- 
stood that geometrical lines and points are intended. 

Def. 4, A straight line is a line 

which has the same direction at all 
parts of its length. 

It has also the opposite direction; thus the direction ot 
AB is opposite to that of BA. 

A straight line may be conceived as generated by a point 
moving always in tiie same direction. 

Other lines are called broken^ curved^ or mixed, as 

These lines may be conceived as generated by a point 
which moves in a direction which is altered suddenly or 
gradually. 

Def, 5. A. plane surface is one in which any two points 
being taken, the straight line which joins them lies wholly in 
that surface. ^ 

Hence the practical test of a plane surface is that the 
straight edge of a ruler shall coincide with it in all positions. 

Axioms respecting straight lines. 

Ax, I. That a straight line marks the shortest distance 
between any two of its points. 

Ax. 2. That if two sluj'ght lines have two points in 
common they coincide wholly. 

Ax. 3. A line may be conceived as transferred from 
any position to any other position, its magnitude being 
unaltered* 

B2 
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A straight line may be found equal to the sum of two 
lines by placing them in the same straight line with a 
common extremity, so that a point which by its motion has 
described the one, would, if its motion were continued in the 
same direction^ immediately proceed to describe the other. 

The operation of adding is expressed by the sign + . 
Thus AB^BC^AC. a b c 

Similarly, the difference of two lines may be found by 
placing them in the same straight line, with a common extre- 
mity, so that a point which has described the one, would, if 
its motion were reversed^ immediately proceed to describe 
the other. 

The operation of subtracting is expressed by the sign - . 
Thus AC-BC-^AB. 

The sign -^ placed between two quantities means that the 
less is to be subtracted from the greater ; thus 

AB'-AC^BC. 

Lines are expressed arithmetically as multiples of some 
known length. Thus we speak of 7 yards, 11 miles, a yard 
and a mile being known lengths. 



Exercises on Straight Lines. 

1. Prove that the sum and difference of two lines are 
together double of the greater of them. 

2. AB is divided into two equal parts in O, and P is 
any point in the line AB : prove that i {AF-- BF) « OP. 

3. On the same supposition if /* is any point in AB 
produced through A or B^ prove that \ {AB + BP) = OP. 
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Angles, 

Drf. 6. Two straight lines that meet one another form 
an angle at the point where they meet: and the lines are 
called the arms of the angle; and the point the vertex of the 
angle. 

An angle is a magnitude, and is mea- 
sured by the quantity of turning that one of 
its arms must undergo in order to be 
biought to coincide with the other. 

It is obvious that the magnitude of an 
angle does not depend on the length of 
its arms. 

An angle may be conceived as generated by the rotation of 
an arm round its extremity, the motion being in one plane. 

An angle is named by a single letter at the vertex, as ^ ; 
or by a letter at the vertex placed between letters on each 
of the arms. 

Ax, 4. An angle may be conceived as transferred to 
any other position, its magnitude being unaltered. 

Ax, 5. Angles are equal when they could be placed on 
one another so that their vertices would coincide in position, 
and their arms in direction. 




D G 



C E 



F H 



Thus the angles B, E are equal, if when E is placed on 
B^ and EFon BC^ then ED has the same direction as BA, 
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Conversely, angles which are equal can be conceived as 
placed on one another so as to coincide. 

And angles which are unequal could not coincide. 

The sum of two angles is found by placing them so as to 
have a common vertex and a common arm, and on opposite 
sides of the common arm, so that an arm which by its rota- 
tion has described one angle, would, if its motion were 
continued in the same direction, immediately proceed to 
describe the other. 

Angles so placed are said to be adjacent 

The difference of two angles is found by placing them on 
the same side of the common arm, so that the arm which has 
described the first angle would, if its motion were reversed^ 
immediately proceed to describe the other. 

Thus-4d7Cis the sum of the angles 
AOB, BOC\ MdAOB is the difference 
of AOC and BOC. 

This is expressed by saying 

AOC=AOB-^BOC 

and AOB = AOC-BOa 

Def, 7. The bisector of an angle is the line that divides 
it into two equal angles. It is obvious that an angle can 
have one, and only one bisector. Thus if the angle 
^6>^ = the angle BOC, then OB is the bisector of the 
angle -^(?C. 

Exercises on Addition and Subtraction of Angles. 

I. Prove that if an angle AOC\% bisected by OB^ and 
divided into two unequal angles by OP^ then 

AOP'-COF'-iBOP. 
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2. Prove that if an angle A OC is bisected by OB^ and 
a line OJ'is drawn outside the angle AOC^ then 

A0P+C0J'=2B0I'. 

3. The sum and difference of two angles are together 
equal to twice the greater angle. ^^..— t£/ 

I?^. 8. A line may be con- ! 

ceived to revolve continuously s ^--^ 



in one direction round its extre- ^^^ 

mity until it returns once more ^. ^ ^ 

to its initial position. V 

It is then said to have made / 

one revolution. 

Def. 9. When it coincides with what was initially its 
continuation, it has described half a revolution^ and the angle 
it has then described is called a straight angle^ because the 
arms of it form one straight line. 

Thus the angle AOB is a straight angle. All straight 
angles are equal to one aiiother. Ax, 2 and 5. 

Def. 10. Half a straight angle, or a quarter of one 
revolution, is called a right angle. 

Thus if AOC and COB are equal, each of them is a 
right angle, or half a straight angle, or a quarter of a 
revolution. 

All right angles are therefore equal to one another. 

JDef, II. A straight line is said to be perpendicular to 
another straight line when it makes a right angle with it 

Hence there can be only one perpendicular to a given 
line at a given point, on one side of that line, because only 
one line can make a right angle with the given line at that 
point. 
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D^. 12. An aaUe angle is one wliich is less than a 

2^ 13. An obtuse angle is one which is greater than a 
right ang^ 

2^ 14. A r^lex angU is one which is greater than a 
stiaig^ ang^ 



Theorem i. 

When a straighi line stands upon another straight line^ it 
will make the adjacent angles together equal to two right angles : 
and conversely^ if two adjcuent armies are eqtuU to two right 
angles f the exterior arms of these angles will be in the same 
straight line* 

Let DB stand upon the straight 
line AC; then will the adjacent 
angles ABD^ DBC be together 
equal to two right angles. 

Proof, For the sum of ABD 

il B c 

and DBC is the straight angle 

ABC^ which is equal to two right angles. Def. 10. 

Conversely, if ABD and DBC are together equal to two 
right angles, AB and BC will be in one straight line. 

Proof For ABD and DBC make up a straight angle 
by supposition, and therefore the arms of it, BA and BC^ 
will be in one straight line. Def. 9. 

Def 15. Two angles are said to be supplementary to 
one another when their sum is a straight angle^ 

Def 16. Two angles are said to be complementary to 
one another when their sum is a right angle. 
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Theorem 2. 

77ie sum of all the angles made by any number of lines 
taken consecutively which meet at a point will be four right angles. 

Let any number of lines 
OA, OB, OCy ODy OE meet 
at (9, then AOB^ BOC-'t- COD 
-^DOE^EOA will make up 
four right angles. 

Proof For the sum of these 
angles is an angle of one revo- J> 

ludon, which is equal to four right angles. 

Def. 17. The opposite angles made by the intersection 
of two straight lines are called vertically opposite angles. 

Theorem 3, 
Vertically opposite angles will be equal to one another. 

Jjtt AOD, BOC be vertically 
opposite angles. They will be equal. 

Proof. For since the same quan- 
tity of timiing of AB round O which 
would make OB coincide with OCy 
would also make OA coincide with OD, it follows that the 
angle -^^2) = the angle BOC. 

Similarly ^6>C-^6>Z>. 

Def, 18. Angles are expressed arithmetically 2^ multiples 
of some known angle. For this purpose a right angle is 
divided into 90 equal angles which are called d^ees^ and 
written thus, 45*. A degree is subdivided into 60 equal 
parts called minutes and written thus, IS^ And a minute is 
subdivided into 60 seconds {60^. 
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Exercises on Angles. 

1. If two straight lines intersect at a point, and one of 
the four angles is a right angle, prove that the other three 
are right angles. 

2. If five lines meet at a point and make equal angles 
with one another all round that point, each of the angles will 
be four-fifths of a right angle. Express this in degrees. 

3. If the four angles made by four straight lines which 
meet at a point are all right angles, prove that the four 
lines form two straight Hnes. 

4. Two straight lines meet at a point Are the angles 
at that point together equal to four right angles? 

5. Prove that the bisectors of adjacent supplementary 
angles are at right angles to one another. 

6. Find the angle between the bisectors of adjacent 
complementary angles. 

7. Of two supplementary angles the greater is double 
of the less; find what fraction the less is of four right angles. 

8. Twelve lines meet at a point so as to form a regular 
twelve-rayed star : find the number of degrees in the angle 
between consecutive rays. 

9. If A is the number of degrees in any angle, prove 
that 90® + A^ is supplementary to 90° - A" ; and that 45" + A^ 
is complementary to 45* - A^, 

10. Find the supplement and complement of 2 1" 35' 45". 

11. If four straight lines OA, OB, OC, OD meet at a 
point, and AOB=COI>, and BOC^DOA, prove that 
AOC, BOD are straight lines. 

12. Prove that the bisectors of the four angles which 
one straight line makes with another form two straight lines 
at right angles to one another. 
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SECTION 11. PARALLELS. 

In the first section a single straight line was defined as a 
line which has the same direction at all parts of its length. 

We now proceed to consider the relations of two or more 
straight lines in one plane in respect of direction. 

Ax, 6. Two different straight lines may have either the 
same or different directions. 

Ax. 7. Two different straight lines which meet one 
another have different directions. 

Ax, 8. Two straight lines which have different direc- 
tions would meet if prolonged indefinitely. 




Thus A and B in the figure have the same direction ; 
and C and D which meet have different directions; and 
E and F which have different directions would meet if 
produced far enough. 

Def, 19. Straight lines which are not parts of the same 
straight line, but have the same direction, are c?^^^ parallels. 

From this definition, and the axioms above given, the 
following results are immediately deduced : 

(i) That parallel lines would not meet however far 
they were produced. 

For if they met, they would have different directions by 
Ax, 7. 
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(2) That lines which are parallel to the same line are 
parallel to one another. 

For they each have the same direction as that line, and 
therefore the same direction as the other. 

Def, 20. When a straight line intersects two other 
straight lines it makes with them eight 
angles which have received special 
names. 

In the figure i, 2, 7, 8, are called 
exterior angles, and 3, 4, 5, 6, are called 
interior angles. 

Again, i and 5 are said to be corresponding angles ; so 
also are 2 and 6, 7 and 3, 8 and 4 : and 3 and 6 are said to 
be alternate angles, so also are 4 and*5. 

Ax. 9. An angle may be conceived as transferred from 
one position to another, the direction of its arms remaining 
the same. 



Theorem 4. 

If two lines are respectively parallel to two other lines ^ the 
angles nuide by the first pair will be equal or supplementary to 
the angles made by the second pair ; equals if both are taken in 
the same or both in the opposite direction; supplementary ^ if one 
is taken in the same and one in the opposite direction. 

Let AOB^ COD be respectively parallel to EKF, 
GKH. 

Then will the angle AOD be equal to EKH or GKJ^y 
and supplementary to EKG and HKF. 

Proof For conceive the angle AOD transferred to K^ 
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the direction of its arms being unaltered. Ax, 9. Then 
since, by hypothesis, OA and OD have the same direction 
as KE and KH, they would then coincide with KE and KH\ 
and the angle AOD would coincide with the angle EKH, 




B 

Therefore the angle AOD^EKH. 

But EKH=^ GKF{1:\l 3), and therefore AOD^ GKF. 

Also GKE or FKH'x^ supplementary to EKH{i:\i. i), 
and therefore GKE or FKH is supplementary to AOD. 

Cor. If a straight line intersect two parallel lines ^ it will 
make the corresponding angles equals the alternate angles equals 
and the interior angles on the same side of the intersecting line 
supplementary. 

Let AB^ CD be parallels, and 
let ^£7^6^-^ intersect them. 

Then will the angles at G be 
equal to the corresponding angles 
zXF. 

Proof For conceive the angles 
at Gy transferred to F^ the direction of the lines being 
unaltered. Each angle would then coincide with its cor- 
responding angle, and is therefore equal to it 
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Also AFG is equal to EFB (Th. 3), and therefore 
equal to FGD^ which is its alternate angle. 

And BFG is supplementary to EFB (Th. i), and there- 
fore also to FGD. 

Theorem 5. 

If two straight lines meet in a point they will make un- 
equal corresponding angles with every straight line which meets 
them. 

Let AO zjid BO meet 
at Oj and be intersected by y 

any straight line CZ>, in the ^^^a/ 
points A and B, Then will ^ ^^^ — 2____^^^ 

the corresponding angles Wf " 7? 

CAOy CBO be unequal. ^ 

Proof. Then since AO and BO meet they have dif- 
ferent directions (Ax. 7), and therefore if the angles B 
were transferred to Ay the direction of their arms being 
unaltered, the arm j9C? would not coincide with AO^ while 
BA would coincide with AC. 

Hence the angle CAO is not equal to the corre- 
sponding angle CBO. 

CoR. I. Hence if two straight lines which are not parallel 
are intersected by a thirds the alternate angles will be not equals 
and the interior angles on the same side of the intersecting line 
will be not supplementary. 

CoR, 2. Hence also if the corresponding angles are equals 
or the alternate armies equals or the interior angles supplemen- 
tary ^ the lines will be parallel. 

For they cannot be not parallel, for then the corresponding 
and alternate angles would be unequal by Cor. i. 

CoR. 3. From a given point outside a given line only one 
perpendicular can be let fall on that line. 
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Remark, Theorems may often be arranged in groups of 
four ; an original theorem, its opposite, its converse, and the 
converse of its opposite. Thus, " If -^ is -5, then C will be 
Z>," may be taken as the type of a theorem. "If ^ is B^ is 
the hypothesis or supposition ; " C* will be D " is the conclusion. 

The opposite of a theorem is formed by negativing the 
h)rpothe6is and conclusion. Thus, " If A is not B, then C 
will not be Z>," is the opposite of the original theorem. 

The converse of a theorem is formed by transposing the 
h)rpothesis and conclusion. Thus, "If C is Z>, then A will 
be B " is the converse. And obviously, " If C is not Z>, 
then A will not be B " is the converse of the opposite^ or the 
opposite of the converse. 

It must be observed that if two of these theorems are 
true, then the rest follow logically. 

Thus, " If two lines are parallel, the corresponding angles 
will be equal " is the original theorem ; its opposite is, " If 
two lines are not parallel, the corresponding angles will be 
unequal." Hence the converse theorem follows that " if the 
corresponding angles are equal the lines will be parallel," 
and the converse of the opposite, that " if the corresponding 
angles are unequal the lines will not be parallel." 

JDef 21. A figure enclosed by any number of straight 
lines is called di polygon. 

It is called convex when no one of its angles is reflex. 

It is called regular when it is equilateral and equiangular, 
that is when all its sides and angles are equal. 

A regular four-sided figure is called a square. 

The line joining any two angles not adjacent is called a 
diagonal. 

When the number of its sides is 3, 4, 5, 6..., it is called 
a triangle^ a quadrilateral^ dipentagon^ a hexagon^ and so on. 
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Theorem 6. 

The exterior an^es of any convex polygon, made by tra- 
ducing the sides in succession^ wilt be together equal to four 
right angles. 

Let ABCDE be a polygon having all its sides produced 
in succession; then will the sum of its exterior angles be 
equal to four right angles. 





Proof, For conceive lines drawn through any point O 
parallel to the sides of the polygon, in the directions in which 
the sides are produced 

Then (by Theorem 4) the angles taken consecutively 
round O are equal to the exterior angles of the polygon. 
But the angles at O are together equal to four right angles 
(Th. 2). Therefore the exterior angles of the polygon are 
together equal to four right angles. 

Cor. Hence it may be shewn that all the interior an- 
gles cf any polygon are less than twice as many right angles 
as the figure has -sides by four right angles. 

Proof. For each interior angle with its adjacent exterior 
angle = two right angles (Th. i) ; 

Therefore all the interior angles + all the exterior angles 
w twice as many right angles as the figure has sides ; 

But all the exterior angles = four right angles (Th. 6); 
Therefore all the interior angles + four right angles 
- twice as many right angles as the figure has sides ; 
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and therefore all the interior angles are less than twice 
as many right angles as the figure has sides by four right 
angles. 

This Corollary leads to many interesting results. 

Let it be required, for example, to find the magnitude 
of the angle of a regular hexagon. Since the six interior 
angles are less than twelve right angles by four right angles, 
they are together equal to eight right angles ; and therefore 
each of them is eight-sixths of a right angle, or is i^ of 
a right angle, or contains 120". 

• 
Exercises. 

1. Prove that the angles of any triangle are together 
equal to two right angles. 

2. Shew that the angles of an equiangular triangle are 
equal to two-thirds of a right angle. Express them in 
degrees. 

3. Find the magnitude of the angle of a regular octagon. 

4. How many equiangular triangles can be placed so as 
to have one common angular point, and fill up the space 
round it ? 

5. . Shew that three regular hexagons can be placed so 
as to have a common point, and fill up the space round that 
point. 

6. Shew that two regular octagons and one square have 
the same property. 

Draw a pattern consisting of octagons and squares. 

7. Shew that the angle of a regular pentagon is to the 
angle of a regular decagon as 3 to 4. 

w. G. c 
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8. If a line is perpendicular to another it will be per- 
pendicular to every line parallel to it 

9. If a polygon is equilateral, does it follow that it is 
equiangular, and conversely ? 

10. Shew that the exterior angle of a regular polygon of 

n sides is - of 36o': and that its interior angle is ( 2 -- jpo". 
n \ ti t 

1 1. How many diagonals can be drawn in a pentagon? 
How many in a decagon ? 

12. Shew that a square, a hexagon and a dodecagon 
will fill up the space round a point; and make a pattern of 
these polygons. 

13. Examine whether a square, a pentagon and an icos- 
agon have the same property ; and also whether a pattern 
can be constructed of pentagons and decagons. 

14. The exterior angle of a regular polygon is one-third 
of a right angle : find the number of sides in the polygon. 

15. Two lines intersecting in A are respectively perpen- 
dicular to two lines intersecting in B : prove that any angle 
at A is equal or supplementary to any angle at B. 

16. The arms of an angle A are equally inclined, in the 
same direction of rotation, to the arms of an angle B. 
Prove that the angle A is equal to the angle B. 
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SECTION III. TRIANGLES. 

Def. 22. A triangle is the figure contained by three 
straight lines, which are called its sides. The sum of the 
sides is sometimes called ^t perimeter, 

Def, 23. A triangle is called isosceles when two of its 
sides are equal. 

Def, 24. A triangle is called equilateral when all its 
sides are equal, and equiangular when all * its angles are 
equal. 

Def, 25. It is said to be right-angled or obtuse-angled 
when one of the angles is a right angle or an obtuse angle, 
and acute-angled when all its angles are acute angles. 

Def, 26. A triangle is sometimes regarded as standing 
on one of its sidesj which is then called its bctse; and the 
angle opposite that side is called the vertex. When ti^'O of 
the sides of a triangle have been mentioned, the remaining 
side is often spoken of as the base, 

Def, 27. The term hypothaiuse is used to describe the 
side of a right-angled triangle which is opposite to the right 
angle. 

Def, 28. The area of a figure is the space enclosed by 
the sides of the figure. 

Def, 29. Triangles are said to be equal in all respects 
when they have the three sides and the three angles of the 
one equal to the three sides and the three angles re- 
spectively of the other, and the area of one equal to the 
area of the other. 

Ax, 10. A triangle may be conceived as taken up and 
placed in any other position, the magnitude of its parts 
remaining unaltered. 

C2 




/H 
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Theorem 7. 

If one side of a triangle is produced^ 
the exterior angle will he equal to the two 
interior and opposite angles^ and the three 
interior angles of 0ny triangle will be 
together equal to two right angles, b c i> 

Let the side £C of the triangle ABC be produced 
to JD: then shall the angle ACZ> = the sum of the angles 
ABC, CAB. And the three angles ABC, BCA, CAB 
shall be together equal to two right angles. 

Proof For if through C a line C!^ were drawn parallel 
to BA, 

the angle HCD^^t corresponding angle ABC (Th. 4), 
and the angle ACIf=ihe alternate angle BAC (Th. 4); 
.'. the whole angle A CI? = the two angles ABC •¥ BAC. 

And \{ ACB be added to these, 
the two angles -4CZ>+^C!^ = the three angles ABC-i- 

BCA + CAB. 

But A CD -^ACB^ two right angles (Th. i) ; 
therefore ABC^BCA + CAB = two right angles. 

Remark. This latter result is obviously a particular case 
of the preceding Theorem. 

CoR. I. It follows that no triangle can have more than 
one right angle or obtuse angle. 

CoR. 2. In a tight-angled or obtuse-angled triangle the 
right or obtuse angle is^ the greatest angle. 

CoR. 3. In any right-angled triangle the two acute angles 
together make up one right angle, 

CoR. 4. An exterior angle of a triangle is greater than 
either of the interior and opposite angles. 
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The four next Theorems are properties of a single triangle. 

Theorem 8. 
An isosceles triangle will have the angles at its base equal 

Let ABC be an isosceles triangle, 
\i7ii\ing AB=AC. 

Then shall the angle B = the angle C*. 

Proof, For conceive the triangle ABC 
taken up and put down in its former po- 
sition, with the arms of the angle A trans- 
posed. (Ax. lo.) That is, let ^ be put down 
where it was before, and A C where AB was ; '' 
then AB would be where A C was, since the angle at A is 
unchanged, and B would fall where C was, and C where B 
was, because AB—AC; and BC would fall as it was before, 
but in a reversed position; that is, the angle B would fall 
on the angle C, and therefore the angle B = the angle C 

Cor. I. The angles on the other side of tlie base^ made 
by producing the equal sides ^ will be equal 

For they are respectively supplementary to the angles 
at the base (Th. i). 

CoR. 2. An equilateral triangle will be equiangular. 

For every pair of the angles is equal. 

Theorem 9. Oppositely. 
A triangle which is not isosceles will have the angles at 
its base unequal^ the greater angle being opposite to the greater 
side. ^ 

Let ABC be a triangle in which AB 
is greater than AC. 

Then will the angle ACB be greater 
than the angle ABC. 

Proof. Conceive the triangle BAC 
taken up and put down with the arms of 
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the ang^e at A transposed: that is, let AC fall as AC^ and 
AB as AB, and therefore BC as ^C; and let BC, BC 
intersect in O,. 

Then the angle ACB is the same as the angle AC'B\ 
but ACB is greater than -^i9C, because it is the exterior 
angle of the triangle OCB (Th. 7, Cor. 4); and therefore 
^C^ is greater than ABC. 

Theorem 10. Conversely. 

A triangle which has the angles at its base 
equal will be isosceles. 

Let the triangle ABC have the angles B 
and C equal 

Then shall ^^«^C 

Proof. For AB is not unequal to AC^ for then the 
angle C would be unequal to the angle B (Th. 9), which it 
is not and therefore AB »AC. 

CoR. An equiangular triangle is equilateral. 

Theorem ii. Conversely to the opposite. 

A triangle which has two of its angles unequal shall 
have the sides opposite them unequal^ the greater side being 
opposite to the greater angle. 

Let the angle ACB be greater than 
the angle ABC^ then shall AB be greater 
than A C. 

Proof. For AB is not equal to AC^ 
for then (by Th. 8) the angle ABC would 
be equal to the angle ACB. 

B 

Nor is AB less than A C, for then .the 
angle ACB would be less than ABC (by Th. 9); 

Therefore AB is greater than AC, 
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Theorem 12. 
Of all tJu straight lines that can be drawn from a giveti 
point to meet a given straight line^ the shortest will be theper- 
pendicular; and of the others^ that which is further from the 
perpendicular will be greater than that which is nearer; and 
one^ and only one, oblique can be drawn equal to any given oblique^ 
and it will be^on the other side of the perpendicular and equally 
inclined to it. 

Let ^ be the given point, 
AB the given straight line. 
Then (by Theorem 5, Cor. 3) 

there can be only one line OP 

perpendicular to AB» 

Let OQ\y^ any other line from O meeting AB in Q\ 
OP shall be less than OQ. 

Proof For since OPQ is a right angle, OQP is an 
acute angle (Th. 7, Cor. 2); that is, OPQ^ OQP, 
and therefore OQ > OP by Theorem 1 1. 

Hence OP is less than any other line OQ, and there- 
fore is the least of all t^e lines *drawn from OXo AB, 

Next let OQy OR be two obliques of which OR is the 
further from the perpendicular, that is, makes the greater 
angle with it; then OR shall be greater than OQ, 

Proof For since OPQ is a right angle, OQR the 
exterior angle is an obtuse apgle (Th. 2, Cor. 4); and ORQ is 
an acute angle; therefore OQR is> ORQ^ 

and therefore OR i&> OQ (Theorem 11). 

Lastly, there can be drawn one, and only one, oblique 
equal to a given oblique, which will be equally inclined to 
the perpendicular and on the opposite side of it 

Proof For if PS^PR, and the figure be conceived as 
folded on OP^ it is clear that since the angles at P are right 
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angles, PS would fall on PR^ and S on R^ and therefore 
OS on (7^. Therefore OS-^OR. Moreover the angle 
/'C?5=.the angle POR, that is, C?5 and OR are equally 
inclined to the perpendicular OP on opposite sides of it 

Hence too it is evident that not more than two equal 
obliques can be drawn, for of the two on one side of the 
perpendicular one must be more remote from it than the 
other, and therefore must be greater than the other. 

Cor. I. Of two obliques^ whether on the same or opposite 
sides of the perpendicular^ the longer is more remote from the 
perpendicular than the shorter. 

Cor. 2. Hence the distance of a point from a line is tJu 
perpendicular let fall from the point on the line. 




Theorem 13. 

Any tufo sides of a triangle will be together greater than 
the third side. 

Proof For in any triangle 
ACB, AB is the straight line join- 
ing A and B^ and is therefore 
shorter than the broken line A CB, 
Ax. I* 

Cor. It follows that the difference of any two sides of a 
triangle will be less than the third side. 

For from AB cut off AD = AC, 

Then DB is the diflference be- 
tween. AB and A C. Since therefore 
AC-^CB^AD + JDB, and AC 
=s AD, it follows that CB is greater 
than DB] that is, DB is less than CB, 
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The next seven theorems contain properties of a pair of 
triangles. 

Theorem. 14. 

If two angles of one triangle are equal respectively to tivo 
angles of ^ another triangle^ then shall the third angles of the 
triangles be equal. 





Let the two angles B and C of the triangle ABC be 
respectively equal to E and F of the triangle DEF. 
Then shall the angle A be equal to the angle D. 

Proof For A^ B, and C together make up two right 
angles (Th. 7), and so also do Z>, E^ and F. Therefore, 
since B and C are equal to E and F, it follows that A 
must be equal to D, 

Remark. These triangles are said to be equiangular to 
one another. 

Note. — By corresponding angles in any two triangles 
are meant those which are opposite to equal sides; and by 
corresponding sides are meant those which are opposite to 
equal angles. 



26 ELEMENTARY GEOMETRY. [Book 

Theorem 15. 

If two triangles are equiangular to one another and have a 
side of the one equal to the correspondit^g side of the other^ then 
triangles will be equal in all respects. 





Let ABCy DEFh^ the two triangles, in which the angles 
A, B, C are respectively equal to jD, jE", F^^ and one side 
BC equal to the corresponding side EF, 

Then shall the triangles be equal in all respects. 

Proof For if the triapgle ABCht conceived (Ax. 10) as 
placed on the triangle DEF^ so that the side ^C coincides 
with the equal side EF^ then BA will fall on ED^ since the 
angle j5«the angle E\ and CA will fall on FD^ since the 
angle C« the angle F, 

Therefore A will fall on Z>, and the triangles will 
coincide, and are therefore equal in all respects: that is, 
AB^DE, AC^DFy and the area of the triangle ABC^^t 
area of the triangle DEF. 

Theorem 16. 

If two sides and the included angle of one triangle are 
respectively equal to two sides and the included angle of another^ 
the triangles will be equal in all respects. 

Let the two sides BA^ AC oi the triangle BAC be 
respectively equal to the two sides ED^ DF of the triangle 
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EDFj and let them contain the angle BAC^Htit angle 
EDF] then will the triangles be equal in all respects* 

A 





Proof. For the angle at A can be conceived (Ax. lo) as 
placed on the angle 2?, since these angles are equal, AB lying 
on DE, and AC on DF\ and B and C would then coincide 
respectively with E and F^ since AB » DE and AC^DF. 

Hence BC would fall on EFy since these lines would 
have two points in common (Ax. 2); and therefore BC must 
be equal to EF, and the angles B and C respectively coin- 
cide with and are equal to the angles E and F', and the 
area of the triangle ABC is equal to the area of the triangle 
DEF 

Theorem 17. Oppositely. 

If two sides of one triangle are respectively equal to two 
sides of another^ but the included angles are unequal^ the 
bases shall be unequal^ that base being the greater which is 
opposite the greater angle. 





Let the two sides BA, AC oi the triangle BAC be 
respectively, equal to the two sides DE^ EF of the triangle 




J ^ 
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Theorem 20. 

Jf two triangles have two sides of the one equal to two 
sides of the other y and the angle opposite that which is not the 
less of the two sides of the one equal to the corresponding angle 
of the other J the triangles shcUl be equal in all respects. 

Let ABC, DEF\ie the two triangles, having the sides 
BA, ^C equal to the sides ED, DF respectively, of which 
AC\% not less than AB, and having also the angle ^ = the 
angle E, 

Then shall the triangles be equal in all respects. 

Proof For \iAC^AB, and DE^DFy the angles B, 
C, E, Fdxt equal, and the remaining angle -<4 = the remain- 
ing angle D, and the triangles are equal in all respects by 
Theorems (15) or (16). 





li ACis^ABj then since AB ^DE it could be placed 
so as to coincide with it ; and since the angle B = the angle 
Ey the line BC would coincide in direction with EF, and 
the point C would fall somewhere on EF, or on EF^ro- 
duced through F. 

It remains to see the effect of the only remaining con- 
dition that ^ C= Z>7?; 
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Now the line A C has one extremity A on D^ and the 
other extremity C somewhere on EF, or on EF produced 
through Fj and AC^ DF. But there is no oblique equal to 
DFy and not coinciding with it, that can be drawn from D 
to any point in EF\ for since DFi&^-DE it is more remote 
from the perpendicular (Th. 12, Cor.); and therefore the 
oblique equal to DF would lie on the other side of DE^ 
and have its extremity in -fi'i^ produced through E. 

Hence AC would coincide with DF, and the triangles 
are therefore equal in all respects. 






JE Ji' 



Cor. I. If the side opposite the given angle were less than 
the side adjacent, there would be two triangles, as in the figure; 
and the proof given above is inapplicable. 

This is called the ambiguous case, 

CoR. 2. If the given angle is a right angle, tlie side 
opposite to it must be greater than the side adjacent; by 
Th. 1 1. Hence if two right-angled triangles have the hypo- 
thenuse and one side of the one equal respectively to the hypo- 
thenuse and one side of the other, the triangles are equal in all 
respects. 

This corollary is of very frequent use. 

■ Cor. 3. A similar property is obviously true of two 
obtuse-angled triangles. 
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Exercises on Triangles. 

The theorems respecting triangles, which follow from the 
elementary properties of triangles proved above, are of two 
kinds; which announce respectively the equality, or the 
inequality of lines and angles. 

Theorems of equality depend on Theorems 7, 8, 10, 
14, 15, 16, 18, 20, and theorems of inequality on Theorems 
9, II, 12, 13, 17, 19, given above. 

We shall give a few examples of these theorems with 
demonstrations, and add some exercises which may be left 
to the student's ingenuity to prove. They require an appli- 
cation of these general theorems to the special data of the 
theorem proposed. 

The general method to be adopted in the solution of 
theorems of equality is the following. Examine fully the 
statement of the question ; see what is included among the 
data: what lines and angles are given equal. Then see what 
is required to be proved, what lines or angles have to be 
proved to be equal. It may follow from the properties 
proved (in Theorems 7, 8, 10) of a single triangle; or it 
may depend on the equality of a pair of triangles. Examine 
the triangles of which they form corresponding parts, and 
see whether the data are sufficient to prove tAese triangles 
equal. If the data are sufficient, the solution is effected by 
comparing the triangles, and shewing the required equality 
of the lines and angles ; if not, the 4a'ta must be used to 
establish results, which in their turn can be used to establish 
the conclusion required. 

The beginner will do well to arrange his proofs in the 
manner shewn in the examples, giving references in the 
margin. 
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Theorems of Equality, 

1. The lines which bisect the angles at the base of an iso- 
sceles triangle^ and meet the opposite sides ^ are equal. 

Let ABC be an isosceles triangle. 

Data. AB^AC^ and the angles at B 
and C bisected by BD^ CE, 

Proof In the triangles AEC, ADB 
we have AC=^AB. Data. 
angle at A common 
and angle A C^= angle ABD : Data & 7%. 8. 

Therefore the base C5 = the base BD, Th. 15. 

2. The bisectors of the three angles of a triangle meet in 
one point. 

Let ABC be a triangle and let the bisectors of the angles 
ABC, ACB be BO, CO, meeting in O \ then the theorem 
will be proved if we can shew that AO Ss^ the bisector of 
the angle BAC. 

Let perpendiculars OP, OQ, OR be ^ 

drawn to the three sides BC, CA, AB, 

Proof In the triangles OQC, OPC 
we have OQC^ OPC Const. ^ 
OCQ^OCP Data.y. 
OC common. 

Therefore OQ = OP by Theorem 15. 

Similarly from the triangles OPB, ORB, it follows that 
(?/'= 0R\ therefore OR^OQ; 

And therefore the right-angled triangles OQA, OR A 
have the hypothenuse and one side of the one equal to the 
hypothenuse and one side of the other, and are therefore 
equal in all respects by Theorem 20, Cor. 2. 

Therefore the angle C^^^-the angle OAR^ that is, 
OA is the bisector of the angle BAC. 

W. G. D 
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Exercises on Triangles. 

Thtarems of Equality. 
\. OA and OB zre any two equal lines, and AB is 
joined ; shew that AB makes equal angles with OA and OB. 

2. If the bisectors of the equal angles B^ C, of an isosceles 
triangle meet in O^ shew that OBC is also an isosceles 
triangle. 

3. If ABC is an isosceles triangle and A is double of 
either B or C^ shew that A is a, right angle. 

4« If ABC is an isosceles triangle and A is half of 
either B or Cf shew that ^4 is two-fifths of a right angle. 

5. Find the angle between the lines that bisect the 
angles at the base of the triangle in the last question. 

6. The perpendiculars let fall from the extremities of 
the base of an isosceles triangle on the opposite sides 
will include an angle supplementary to the vertical angle of 
the triangle. 

7. The line drawn to bisect the vertical angle of an 
isosceles triangle will also bisect the base, and be perpendi- 
cular to it 

8. The lines joining the middle points of the sides of 
an isosceles triangle to the opposite extremities of the base 
will be equal to one another. 

9. The line drawn from the vertex of an isosceles 
triangle to bisect the base, will cut it at right angles, and 
bisect the vertical angle. 

10. The perpendiculars let fall from the extremities of 
the base of an isosceles triangle upon the opposite sides will 
be equal, and will make equal angles with the base. 

11. The perpendicular let fall from the vertex of an 
isosceles triangle to the base, will bisect the base and the 
vertical angle. 
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12. If two exterior angles of a triangle be bisected by- 
straight lines which meet in O^ prove that the perpendicu- 
lars from O on the sides or sides produced of the triangle 
are equal to one another. 

13. Prove that the lines which bisect the sides of a 
triangle and are perpendicular to them meet in one point 

Theorems of Inequality, 

1. IfVis any point within the triangle KBC, prove that 
PA + PB < C A + CB, but the angle APB > the angle ACB. 

Proof. Produce AP to meet BC 
in<2. 

Then AC+CQ^AQ (Th. 13), 

and therefore AC+ CB:>AQ+ QB; 
also PQ+QB> PB (Th. 13), 

and therefore AQ-^QB^ AP+ PB ; 
much more then are A C+ CB > AP+ PB. 

And the angle APB^AQB, and AQB>ACB (Th. 7, 
Cor.); much more then is APB r> ACB. 

2. The line that joins the vertex to the middle point of the 
hose of a triangle is less than half the sum of the two sides. 

Let D be the middle point of 
ACj then is BD less than half 
the sum of AB, BC. 

Proof Produce BD to B, 
making DB = DB. Join AB\ 

Then since the two triangles 
BDC, . ADB have two sides 
BDy DC and the included angle //'' 
BDC of the one respectively /' 
equal to the two sides BD^ DA •*' . 

D 2 
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and the included angle SDA of the other, therefore 
(Theorem i6) the base ^Ca=the base AS \ 
but BA +A£> BB (Th. 1 3), 

.-. AB-vBC^BB, which is twice BD, 
that is, BD is less than half the sum of AB and BC. 

The line BD is called a median of the triangle. 



Exercises on Triangles. 

TTuorems of Inequality. 

1. Prove that any one side of a four-sided figure is less 
than the sum of the other three sides. 

2. Prove that the sum of the lines which join the op- 
posite angles of any four-sided figure is together greater than 
the sum of either pair of opposite sides of the figure. 

3. Prove that the sum of the diagonals of a quadri- 
lateral figure is less than the sum of the four lines which 
can be drawn to the angles from any other point than the 
intersection of the diagonals. 

4. 0\% any point within the triangle ABC\ prove that 
OA + OB -k-OCaxe less than the sum, and greater than half 
the sum of AB + BC+ CA. 

5. Prove that the sum of the four sides of a quadrilateral 
figure is greater than the sum and less than twice the sum 
of the diagonals. 

6. If ABC is a triangle in which AB is greater than 
AC, and I> is the middle point of BC, and AJ? is joined, 
prove that the angle ADB is an obtuse angle. 

7. Prove that the sum of the three sides of a triangle 
is greater than the sum of the three medians. 
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SECTION IV. PARALLELOGRAMS. 

Def, 30. A four-sided figure of which the opposite sides 
are parallel is called 2i parallelogram. 





Theorem 21. 

7%^ opposite angles and sides of a parallelogram will be equals 
and the diagonal^ or the line which joins its opposite angles^ 
will bisect it 

For, first, since the lines which 
meet in B are respectively parallel 
to the lines which meet in 2?, and 
are both drawn in opposite direc- ^ 
tions from those points, the angle at -5 = the angle at I> 
by Theorem 4. 

Similarly the angle at ^ = the angle at C, 

Again, if ^C be joined, since the angles BAQ BCA are 
respectively equal to their alternate angles DCA, DAC^ 
and AC v& common, the two triangles ABCy CD A will 
be equal in all respects (by Theorem 15), and therefore 
AB^ CDy BC^AD, and th^ area ABC^ the area ADC. 

Cor. r. // is obvious that the triangle ADC is half the 
parallelogram ADCB, 
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Coil 2. Jfow of the armies of a parallelogram is a right 
angky the others also are right angles, 

Def, 31. A parallelogram which is right-angled is called 
a rectangle, 

Def, 32. A parallelogram all whose sides are equal is 
called a rhombus, 

Def. 33. A rectangle which has all its sides equal is 
called a square, 

Def 34. A four-sided figiu'e which has only one pair 
of opposite sides parallel is called a trapezium. 

Exercises on Parallelograms. 

1. Shew that a trapezium may be divided into a 
parallelogram and a triangle. 

2. Or into a rectangle and two right-angled triangles. 

3. The diagonals of any parallelogram will bisect one 
another. 

4. The diagonals of a rhombus will bisect one another 
at right angles. 

5. If two straight lines be drawn bisecting one another, 
and their extremities be joined, the figure so formed will 
be a parallelogram. 

6. Given that a four-sided figure has its opposite sides 
equal, prove that it must be a parallelogram. 

7. Prove that the diagonals of a rectangle are equal 
to one another. 

8. The straight lines which join the extremities of 
equal and parallel straight lines towards the same parts will 
be themselves also equal and parallel. 

9. Prove that parallel straight lines are everywhere 
equidistant. 
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SECTION V. PROBLEMS OF CONSTRUCTION. 

In the Science of Geometjy there are not only theorems 
to be proved, but constructions to be effected, which are 
called problems. Geometers have always imposed certain 
limitations on themselves with respect to the instruments 
which might be used in these constructions. There is no 
reason why any convenient instrument used in the Art 
should not be supposed to be used in the Science of 
Geometry, such as the square, parallel ruler, sector, pro- 
tractor; but the ruler and compasses suffice for nearly all 
the simpler constructions, and those which cannot be 
effected by their means are considered as not forming a 
part of Elementary Geometry. There are some problems, 
that seem at first sight not very difficult, that cannot be 
solved by the use of these instruments. We can, for ex- 
ample, bisect an angle; but we cannot, in general, trisect 
it, that is, divide it into three equal parts, by any com- 
bination of ruler and compasses. It may be observed that 
the ruler is simply a straight edge, not graduated, and the 
compasses are supposed to be transferable from one part 
of the figure to another, the distance between the points 
being unaltered. 

The solution of a problem in Elementary Geometry as 
above defined consists 

(i) in indicating how the ruler and compasses are to 
be used in effecting the construction required; 

(2) in proving that the construction so given is correct; 

(3) in discussing the limitations, which sometimes exist| 
within which alone tlie solution is possible. 
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We shall give several examples of such problems, and 
then discuss the principles of the methods we have used. 
It will be observed that in the figures we make the given 
lines thick, the resulting line or lines thin, and the lines 
used only in the construction or proof dotted. 

Def, 35. A circle is a plane figure contained by a line 
called the circumference such that all the points in that line 
are equally distant from a certain point which is called the 
centre of the circle. The distance of any point on the. 
circumference firom the centre is called the raditis of the 
circle. 



Problem t. 
To bisect a given angle^ thai is^ to divide it into two equal 
parts. 

Construction. Let ABC be the given angle. 

Take any equal lengths BA^ BC^ and 
join AC 

With centre A and any radius greater 
than half A C describe a circle, and with 
centre C and the same radius describe 
another circle intersecting the former 
circle in D, 

Join AD, CD, and BD\ 

Then BD shall bisect the angle ABC 

Proof, For the triangles ABD, CBD have obviously 
the three sides of the one equal (by the construction) to the 
three sides of the other, and therefore (by Theorem 18) the 
corresponding angles ABD, CBD are equal. 

Remark, It is assumed here that if a circle has one 
point inside another circle, the circumferences will intersect 
one another. 
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Problem 2. 

To draw a perpendicular to a given straight line from a 
given point in it. 

This is a particular case of Problem i. For let AB be 
the given line, C the given point in it; then ACB is a 
straight angle, which it is required to bisect The con- 
struction is therefore the same. 

Construction, With centre C and 
any radius describe a circle to cut the ''/TV' 

straight line in two points Dy E, so 
that CD = CE. [/ 

With centre D and any radius \ 

greater than DC describe a circle, and with centre E and 
the same radius describe a circle, cutting the former in F, 

Join FC. 

Then FC is perpendicular to AB. 

Proof, For the triangles DCF^ ECF have by the con- 
struction the three sides of the one equal respectively to 
the three sides of the other. 

And therefore the corresponding angles DCF^ ECF are 
equal to one another (Th. 18), and therefore they are right 
angles by Def. 10. 

Note. — This construction is usually effected in practice 
by means of the square. 
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Problem 3. 

To bisect a givm straight line. 

Let AB be the given straight line. 

Construction, With centre A and any 
radius greater than half AB describe a cir- .^ ^_ 

cle, and with centre B and the same ^' 

radius describe a circle intersecting the ^ x^/l V^- n 
former in two points C and D, • io* 

Join CZ> cutting ^^ in a J^^^ 

Then C? will be the point of bisection. 

Proof, For by the last Problem CD is so drawn as to 
bisect the angle ACB\ 

And then in the triangles ACO^ BCO we have AC- 
BCy CO common, and the included angles ACO^ BCO 
equal : 

And therefore by Theorem 16, the base AO^Hcat base 
B0\ that is, O is the point of bisection oi AB. 

Problem 4. 

To draw a perpendicular to a given straight line from a 
given point without it. 

A 

yi ^ 




Let ^Cbe the given straight line, A the given point 

Construction. With centre A describe a circle with any 
sufficient radius to cut BC in two points Z>, E. 
Bisect DE in F (Prob. 3). Join AF. 
Then ^^ shall be perpendicular to -ffC 
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Procf. For if AD^ AE be joined, it is clear that the 
triangles AFD^ AFE have the three sides of the one 
respectively equal to the three sides of the other. 

Therefore the angle AFD^ihQ corresponding angle 
AFE (Th. i6), and therefore AF is perpendicular to BC 
(Def. lo). 

Note. — ^This construction also is usually effected in 
practice by means of the square. 

A large class of problems consists of those in which a 
triangle has to be constructed under certain conditions. We 
shall take the most important cases, which are also the 
simplest 

Problem 5. 

To construct a triangle^ having ghm the lengths of the 
three sides. 

Let the three given lengths 
be the lines A^ By C, 

Construction. Draw a line 
PQ equal to one of them A. 
With centre P and radius equal 
to B describe a circle; and 

with centre Q and radius equal to C describe a circle. Let 
these circles intersect in R. Join RP^ PQ. 

PPQ is the triangle required. 

Proof. For its three sides are by the construction equal 
to the three given lines. 

Limitation. — It is necessary that any two of the lines 
Ay By C should be together greater than the third. For if 
B and C were together less than Ay the circles in the figure 
would obviously not meet : and if they were together equal to 
Ay the point R would be on PQy and the triangle would be- 
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come a straight line. Similarly if B were greater than A^C 
or C greater than A-^By the circles would not intersect 
This limitation might be anticipated from the theorem before 
proved, that any two sides of a triangle are together greater 
than the third side. 

Cor. I. Hence it is possible with the ruler and com- 
passes alone to effect what is performed in practice generally 
by means of the sector or protractor, viz. to make an angU 
equal to a given angle. 





Let BAC be the given angle. 

Join any two points By C in its sides. Construct a 
triangle PQR having its three sides PQy QRy RP respec- 
tively equal to ABy BCy CA. 

Then (by Theorem i8) the angle P is equal to the 
angle A. 

Cor. 2, An angle equal to a given angle may be made at 
any pointy and such that one of the lines containing it may be 
any given line through the point. 

m 

Thus if jP were the given point, PS the given line, PQ 
must be taken equal to ABy and the rest of the construction 
is the same as before. 
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Cor. 3. Hence through any point a straight line can be 
drawn parallel to a given straight line. 



f. 






Let A be the given point, BCxk^ given line. Draw any 
line AD to meet BC^ and make the angle DAE equal to 
the alternate angle ADC, Then by Theorem 5, Cor. 2, 
AE is parallel to EC. 



Problem 6. 

To construct a triangle^ having given two angles and a 
side adjacent to both. 



i-^ 




Let A^ B be the two angles, C the given side. 

Take a line PQ = C, At the points P^ Q make angles 
equal respectively to A and B (Prob. 5, Cor. i). Let the 
lines which contain these angles meet in R, 

Then EPQ is the triangle requited. 

Limitation, — ^The two given angles must be together less 
than two right angles, or the lines PQ, QE would not meet. 
This follows also from the theorem that the three interior 
angles of a triangle are together equal to two right angles. 
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Problem 7. 

Having given two angles and a side opposite to one of them ^ 
to construct the triangle. 

Let A and B be the given angles, CD the given side 
which is to be opposite to A. 



u 



^ .^ 



a 





Construction. Draw an indefinite straight line £J\ 
At any point G m it make the angles FGJI^Ay and 
HGK^B (Prob. 5), then KGE will equal the third 
angle of the triangle, since the sum of the three angles of 
a triangle is equal to two right angles (Th. 7). At C and 
D make angles equal to HGK and KGE, and let their 
sides meet in Oy then OCD is the triangle required. 

Proof. For the angle O is the supplement of the angles 
OCD + OI>Cj and must therefore be equal to HGFy that 
is, to A. 

Limitation, — As before the two given angles must be 
together less than two right angles. 



I.] PROBLEMS OF CONSTRUCTION, 47 



Problem 8. 

To construct a triangle^ having given two sides and t/ie 
angle between them. 





Let Ay B be the given sides, C the given angle. 

Construction, Draw an angle D equal to the given 
angle, and take DE^ Z>7^ equal to A and B, Join EF. 

This problem needs no proof. 

Remark. In these problems we have found that one 
triangle and only one can be constructed to fulfil the con- 
ditions given. In other words that with these data the 
triangle is determinate. Also we notice that in each case 
three elements in the triangle are data or given. We have 
given either the three sides, or two angles and the side 
adjacent to both, or two angles and a side opposite to one, 
or two sides and the included angle. And these cases cor- 
respond to the theorems proved above of the equality of 
triangles. For if only one triangle can be constructed so as 
to have its sides equal to three given lines, it is clear that if 
two triangles have the three sides of the one equal to the 
three sides of the other, these triangles must be identical, 
or be equal in all respects. And a similar remark may be 
made on the other cases we have considered. 
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But there are cases in which the data may be insuf- 
ficient to determine the triangle. For example, if only two 
sides are given, an indefinite number of different triangles 
may be constructed to have these sides. Or if the three 
angles are given, their sum being equal to two right angles, 
an indefinite number of triangles may be constructed to 
have these three angles. And again it may be impossible 
to construct the triangle with the given data, as has been 
already shewn. In some cases moreover the solution is 
ambiguous^ that is^ there may he more than one triangle 
which fulfils the given conditions. The following is an 
important instance of this, and is usually called the 
ambiguous case, spoken of in Theorem 20. 

Problem 9. 

To construct a triangle having given two sides and an 
angle opposite to one of them. 

Let A, B be the given sides, C the angle to be opposite 
to the side B, 




z ^- 



tz::^ 



Take an angle GDH^ C, take Z>jS = A, and with 
centre JS and radius = B describe a circle. If / is one of 
the points in which this circle meets the line Z^ZT, by join- 
ing jEI we obtain a triangle which fulfils the given con- 
ditions. 

But several cases may arise. 
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Let the given angle be acute, as in the figure. 

Then, by Theorem 1 2, 

(i) .If B is less than the perpendicular from E on 
DH^ the circle would not meet DH^ and the triangle would 
be impossible. 

(2) \i B IS equal to the perpendicular, the circle would 
meet DH at the foot of the perpendicular, and there would 
be one triangle^ right-angled^ which fulfils the given conditions. 

(3) If B is greater than the perpendicular but less 
than DEy then the circle will meet DH in two points /, /' 
as in the figure, on the same side of Dy and there will be 
two triangles EDI^ EDT which fulfil the given conditions. 

(4) If B is greater than DE, the circle will meet DH 
in two points on the opposite sides of D^ but one only of 
the triangles made by joining Ely El' will be found to have 
the angle Dy and the other will have the supplementary 
angle : that is, there will be only one solution* 

The cases of the given angle being a right angle or an 
obtuse angle we leave to the ingenuity of the student. 



Loci. 

When a point is required which is to satisfy one geo- 
metrical condition, the problem is generally indeterminate, 
that is, there is an infinite number of points which satisfy 
the condition. For example, if a point is to be found 
equally distant from two given straight lines of indefinite 

W.G. E 
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length AOB, COD, it is clear that the condition is satisfied 
by any number of points like those marked in the figure. 




The assemblage of such points as fulfil t/ie given condition 
is called the locus of these points. In the example given, the 
locus consists of the bisectors of the angles at O, which 
form two straight lines at right angles : and the proof con* 
sists in shewing that if P be any point on the bisector OP, 
and PN, PMaxe perpendiculars on OB, OA; the triangles 
PON, POM are equiangular to one another, and have 
a side OP common, and therefore PN-PM (Th. 15). 
Therefore every point in both bisectors is equidistant from 
the given lines. 

Exercises. 
Find the following loci : — 
(i) Of a point at a given distance from a given point. 

(2) Of a point at a given distance from a given line. 

(3) Of a point at a given distance from a given circle. 

(4) A horse is tethered by a chain fastened to a ring 
which slides on a rod bent into the form of a rectangle. 
Find the outline of the area over which he can graze. 

(5) Find the locus of a point equidistant from two 
given points. 
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(6) Find the locus of points at which two equal 
lengths, adjacent or not adjacent, of a straight line subtend 
equal angles. 

(7) Find part of the locus of points at which two 
adjacent sides of a square subtend equal angles. 



Intersection of Loci. 

When a point has to be found which satisfies two con- 
ditions, the problem is generally determinate if it is possible : 
and the method of loci is very frequently employed in dis- 
covering the point. For if the locus of points which satisfy 
each condition separately is constructed, it is obvious that 
the points which satisfy both conditions must be the points 
common to both loci, that is, must be the point or points 
where the loci intersect. 

For example ; a triangle is to be constructed on a given 
base with its sides of given lengths. Let AB be the base. 

The two conditions are that the 
lengths of the two sides are given; the 
point sought for is the vertex: now th^ /^''^''''f\'^\ 

vertex must be at a certain distance ^^A_i \ \ 
from ^ = one of the given lengths; its -4?T^|^^ I / 
locus is therefore a certain circle round ^ ••. '^'V''' 

A as centre. Similarly it must be at a 
certain distance from B\ its locus is ..''' 

therefore another circle round B as 
centre. The points of intersection of these circles are 
therefore the vertices of the. two equal triangles which fulfil 
the given conditions. 

It was this reasoning that suggested the construction in 
Problem 5, 

£2 



$2 ELEMENTARY GEOMETRY. [Book 

Occasionally it will be found that with certain data 
in the following exercises the loci do not intersect, or 
the solution becomes impossible. As in the case given, 
it will not be difficult to sec that the circles would not 
intersect unless any two of the sides were greater than the 
third side. 



Exercises on Intersection of Loci. 

1. Find a point in a given straight line at equal 
distances from two given points. Construct the figures for 
all cases. 

2. Find a point in a given straight line at a given 
distance from a given straight line. 

3. Find a point in a given straight line at equal 
distances from two other straight lines. 

4. On a given straight line to describe an equilateral 
triangle. 

5. Describe an jsosceles triangle on a given base, each 
of whose sides shall be double of the base. 

6. Find a point at a given distance from a given point, 
and at the same distance from a given straight line. 

7. Given base, sum of sides, and one of the angles 
at the base, construct the triangle. 

8. Given base, difference of sides, and one of the 
angles at the base, construct the triangle. 

9. Find a point at a given distance from the circum- 
ference of two given circles, the distances being measured 
along their radii or their radii produced. 
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Analysis and Synthesis. 

If problems cannot be solved by this method, it remains 
to attack them by the method, as it is called, of Analysis and 
Synthesis. This is not so much a method as a way of 
searching for a suggestion, and nothing but experience and 
ingenuity will here avail the student The solution is 
supposed to be effected, and relations among the parts of 
the figure are then traced until some relation is discovered 
which can give a clue to the construction* Nothing but 
seeing examples can make this clear. 

(i) // is required to draiu a line to pass through a give^t^ 
point and make equal angles with two given intersecting lines. 

Let O be the given point, ABy 
AC the given Unes. 

We reason as follows (analysis) : 
suppose POQ were the line required, 
then the angle at P- angle at Q. 

Therefore AP^ A Q ; therefore if 
we bisected the angle A, POQ would be at right angles to 
the bisector. 

Now this is a suggestion we can work backwards from, 
and the construction is 

Synthesis. Bisect the angle BA C, and let fall OH a per- 
pendicular to the bisector, and let it meet the lines in P^ Q, 
and POQ can then be proved to be the line required. 
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(2) It is required to draw from a given point three 
straight lines of given lengths^ so that their extremities may 
be in the same straight line^ and intercept equal distances on 
that line. 



Analysis, Suppose OA, OB, 
OCweie the three Hnes, so that T^^""^ I-'^ 

CJBA is a straight line, and CJS \ "*^''' \ 

Then it occurs to us that if ^ "^ 

OB were prolonged to D, making B£> = OB, then CZ> 
and J?A would be respectively parallel and equal to OA 
and OC (see § 4, Ex. 5); and that the sides of the triangle 
Z>OA are respectively equal to OA, OC and 2 OB, Hence 
the construction is suggested. 

Synthesis. Make a triangle Z>OA whose sides are OA, 
OC, and 2 OB; complete the figure, by drawing DC, OC, 
parallel to OA, AD] and the other diagonal ABC will be 
the line required. For it may be shewn that AB ^BC, 

The student must not be surprised if he finds problems 
of this class difficult. For there is nothing to point out 
which of the many relations of the parts of the figure are 
to be followed up in order to arrive at the particular relation 
which suggests the construction. It is not easy to see what 
is to suggest the producing of OB to D as in the figure. 

Subjoined are a few problems of no great difficulty, 
which may be solved by this method. 



I.] PROBLEMS. SS 

Problems. 

I. On a given straight line to describe a square. 
* 2. Describe a rectangle with given sides. 

3. Given two sides of a parallelogram and the included 
angle, construct the parallelogram. 

4. Given the lengths of the two diagonals of a rhombus, 
construct it. 

5. From a given point without a given straight line 
to draw a line making an angle with the line equal to a 
given angle. 

6. Describe a square on a given straight line as 
diagonal. 

7. Draw through a given point between two straight 
lines not parallel, a straight line which shall be bisected in 
that point 

8. Place a line of given length between two intersect- 
ing lines so as to be parallel to another given line. 

9. Trisect a right angle. 

10. Divide half a right angle into six equal parts. 

II. Three straight lines meet in a point, draw a straight 
line such that the parts of it intercepted by the three lines 
shall be equal to one another. 

1 2. Trisect a given straight line, 
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SECTION VI. THE EQUIVALENCE OF FIGURES. 

By equivalent figures are meant figures whose areas are 
equal although the figures may be of different shapes, and 
therefore not. conceivable as superposed on one another. 
Thus a circular field may be as large as a square one, 
or a triangular piece of paper as large as a rectangular 
piece, and in such cases these figures would be called 
equivalent The consideration of equivalent figiures is an 
important part of Geometry. 

Def, 36. The altitude of a parallelogram is the perpen- 
dicular distance between one side which is called the base 
and the side parallel to it. 

Thus in the figure at the side 
the perpendiculars DEy FG, or CH^ 
which are equal (by Theorem 21) since 
DEGF, DEHC are parallelograms, ^ J? 4 / j 
are each of them the altitude of the 
parallelogram ABCD^ AB being the base. 

Any side of a triangle being taken as base, the altitude 
of the triangle is the perpendicular let fall on that side, or 
that side produced, from the opposite angle. 



Theorem 22. 

Parallelograms on the same base and between the same 
parallels will be equivalent. 
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Let ABCJDy EBCF be parallelograms on the same 

base BC, and between the same parallels AFy BC. They 
shall be equivalent. 




Proof. For in the triangles BAE^ CDF the angle 
^ = the angle Z>, and the angle ^ = the angle F^ by parallel- 
ism (Th. 4), and the side AB = the corresponding side 
Z>C, and therefore the, triangles are equal in area, by 
Theorem 15. 

But if the triangle CDF is taken away from the trape- 
zium ABCFy the parallelogram ABCD remains: and if 
the triangle BAE is taken away from the same trapezium 
the parallelogram EBCF remains. Therefore these paral- 
lelograms are equivalent. 

Remark, This theorem is the fundamental theorem of 
equivalence of areas. 

Cor. I. A parallelogram is therefore equivalent to the 
rectangle on the same base with the same altitude^ and its area 
is therefore determinate when its base and altitude are known. 

Cor. 2. Parallelograms on equal bases and between the 
same parallels are equivalent. 




If 
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Proof. For if the base AB = the base EF^ the parallel- 
ogram AEFG can be conceived as superposed on the paral- 
lelogram ABCDy EF coinciding with ABy so that they 
should have the same base, and be between the same paral- 
lels, and therefore they are equivalent 

Cor. 3. ParaUelogratns on equal bases and of the same 
altitude are equivalent. 

For similarly they may be conceived as placed on one 
another so as to have the same base, since the bases are 
equal, and so as to be between the same parallels, since the 
altitudes are equal ; and therefore they are equivalent 



Theorem 23. 

Triangles on the same base and between the same parallels 
will be equivalent. 

Let ABC, DBC be tri- ^ ^ ^ 

angles on the same base BC 
and between the same paral- 
lels, they shall be equivalent ^ 

Proof. For if BE be drawn from B parallel to A C, and 
CF he drawn from C parallel to BD, to meet AD produced 
in E and F, 

Then ACBE, DBCF are parallelograms, and are 
equivalent to one another (by Theorem 22). 

But the triangles ABC, DBC are respectively the 
halves of the parallelograms ACBE, DBCF {Th. 21). 

Therefore the triangles are equivalent 

CoR, I. Triangles on equal bases and between the same 
parallels are equivalent.^ 
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Cor. 2, Triangles on equal bases and of the same altitude 
are equivalent. Hence a triangle is of determinate area when 
its base and altitude are given, 

CoR< ^, Jf a parallelogram and a triangle have equal 
bases and altitudes^ the parallelogram is double of the triangle. 

Proof For the parallelogram ACBE is double of the 
triangle ABC^ and therefore of any other triangle DBC 
which is on the same base, and between the same parallels. 

Theorem 24. Conversely, 

Equivalent triangles on equal bases will be of equal 
altitude. 

For let the triangles ABCy ABD e 

be equivalent triangles on equal ^"'^^""^"£^ 
bases, and let them be conceived / \y y^ / 

as placed on the same base AB^ / yX^ I 

and on the same side of it. \y^ \. u 

Then shall their altitudes be ^ ^ 

equal, that is, CD will b^ parallel to AB, 

Proof, For if CD were not parallel to AB, suppose 
that some other line through C, as CE, meeting AD in E, 
were parallel to AB, Then the triangles CABy EAB would 
be equivalent by Theorem 23. 

But we know tha.t CAB, DAB are equivalent, therefore 
JSAB and DAB would be equivalent, which is absurd. 

CoR. Hence equivalent triangles on the same base, and on 
the same side of it, must be between the same parallels. 

Def^ 37. A rectangle is determined when two of its ad- 
jacent sides are known. It is then said to be contained by 
its two adjacent sides, or by lines equal to them. 
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Def, 38. A line AB is said to be internally divided in P 
when P lies between A and B : and it is said to be exter^ 
nally divided in P when P lies in AB produced : and AP, 
BP are called in both cases the segments of AB. 

Theorem 25. 
If a straight line is divided internally in any pointy the 
square on the line will be equal to the squares on the two segments 
together with twice the rectangle contained by the segments. 

Let AB be divided internally 
\nP, 

Then will the square on AB be 
equal to the squares on AP, PB 
together with twice the rectangle 
contained by AP, PB, 

Proof, Describe a square ADEB 
on AB. 

Through P draw PLF parallel to AD,, meeting DE 
in F', cut oflf PL = PB, Through Z draw HZM parallel 
to AB, to meet I>A and EB in M, H. 

Then it may be seen that the figures AL, Pff, LE, MF 
are parallelograms by construction ; and it is easily shewn 
that PHy MFzxQ the squares on PB, -4/* respectively ; and 
that AL, LE are each of them the rectangle contained by 
AP, PB, 

Hence, since ADEB is made up of these four figures, it 
follows that the square on AB is equal to the squares oh 
AP, PB and twice the rectangle contained by AP, PB. 

Theorem 26. 
If a straight line be divided externally in any point, the 
square on the line is equcU to the squares on the two segments 
diminished by twice the rectangle contained by the segments. 
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Let AB be divided externally in P. y[ n l 

Proof. Describe a square ADEB 
on AB. 

Through P draw LPF parallel to 
AD^ meeting DE produced in F\ 
cut oflf PL^PB. Through Z draw 
MHL parallel to AB, to meet DA, 
and EB produced in M, H. 

Then as before it is evident that MF is the square on 
AP\ and MP or HF, the rectangle contained by AP and 
BP\ and HP the square on BP, ^ 

And AE is less than MF^HP by MP^HF\ that is, 
the square on AB is equal to the squares of AP, PB dimin- 
ished by twice the rectangle contained by AP, PB, 



E 



Theorem 27. 

7^ rectangle contained by the sum and difference of any 
two lines is equivalent to the difference of the squares on 
those lines. 



D 



JjctAB, BCbe the two lines, 
then ACis the sum of the lines, 
and if B£> be taken equal to 
BCf AD is their difference. 

Proof Draw AE - A^ at 
right angles to AC, and com- 
plete the parallelogram AEFC, 
which is therefore the rectangle 
contained by A C, AD, that is, by the sum and difference of 
ABy BC, 
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On AB describe the square AG JIB; through D draw 
DKL parallel to AG: then KH'is the square on BC. 

Then it may be seen that EL, DO, BF are equal 
figures; but the difference of the squares on AB, BC is the 
figure made up of AO and EL, that is, it is equivalent to 
the figure made up of AO and BE, that is, to AE, which 
is the rectangle contained by the sum and difference of 
AB, BC. 

CoR< Jf a straight line is bisected and divided in any 
point, the rectangle contained by the segments is equal to the 
difference of the squares on half the line and the lifte between the 
points of section. 

A c P B A c B p 

I I I 



Proof For let AB be bisected in C, and divided inters 
nally or externally in P. 

Then AP is the sum of -^ C and CP, and PB is their 
difference, since BC=AC. 

Therefore the rectangle contained by AP, PB is equal 
to the difference of the squares of A C, and CP, 

Remark, The student will begin here to suspect, what he 
will afterwards find to be true, that there is an intimate rela- 
tion between geometry and algebra. Algebraical or anal)i:ical 
geometry as it is called, investigates this relation and applies 
it to the establishment of theorems in geometry, and will 
occupy him at a later stage of his mathematical studies. 
We shall at present use the expression AB^, which is read 
*" AB squared,' only as an abbreviation for "the square on 
ABJ^ and ABxAC or AB.AC, as an abbreviation for 
" the rectangle contained by AB and AC.'^ 

These three theorems may be used to demonstrate other 
properties of divided lines. For example, 



I] 
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Theorem 28. 

If a straight line be divided into two equal and also 
into two utiequal segments^ the squares of the two unequal 
segments are together double of the square of half tlie line 
bisected^ and the square on the line between the points of section. 

Let AB be bisected in C7, and divided internally or exter- 
nally in D, 



o 



Then the squares on AD^ DB will be double of the squares 
on ACy CD, 

Proof For AI>' = AC'-^ CZf-^ 2ACx CD by Th. 25 ; 
and DB'^ CB'-k- CD'-iBCx CD by Th. 26 ; 
therefore, adding, and remembering ihdX AC=BC, and that 
therefore the rectangle ACy> CD - the rectangle BCy. CD, 
we get that ^Z^ + Z^j?* - 2v^ C* + 2 CZ^. 

Theorem 29. 

In any right-angled triangle the square on the hypoihenuse 
is equivalent to the sum of the squares on the sides which 
contain the right angle. 

Let ABC be a triangle 
right-angled at B, Then 
will AC^^AB*^BC\ 

Proof On AB, BC, 
CA describe the squares 
A DEB, BFGC, CIIIA re- 
spectively. Join CD, BH\ 
and draw Zy parallel to AH, 

Since the angles ABC, 
ABE, CBFdcrt right angles, 
it follows that CBE, ABF 
are straight lines (Th. i). 
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Therefore the triangle DA C is on the same base DA^ and be- 
tween the same parallels DA^ ^C with the square DABE, 
Therefore the triangle DA C is half the square DABE 
(Th. 23, Cor. 3). 

Similarly the triangle BAH is half the rectangle AJ, 

But the triangles DAQ BAH zx^ equal (Th. 16); for 
the sides DA^ A C are respectively equal to BA^ AHj and 
the contained angle DA C — the, contained angle BAHy 
each of them being a right angle together with BA C* 

Therefore the rectangle A/^ the square DABE. 

Similarly it may be shewn that the rectangle C/=the 
square BCGF, and therefore, since AJ and C/ make up 
the whole square AHIQ the square AHIC is equivalent 
to the sum of the squares ABDE and BCGF^ that is, 
AC^^AB^^-BC^: 

Cor. I. The square of a side subtending an obtuse or 
acute angle is not equal to the sum of the squares of the side 
containing that angle. 



For if BD is drawn at right angles to BC and equal to 
BAy and DC joined, then AC is greater or less than DC, 
according as the angle CBA is obtuse or acute by Th. 17. 
Therefore AC* is greater or less than DC% that is, than 
DB'-¥BC' or than AB'-hBC. 

Cor. 2. Hence it follows that the converse theorem holds, 
viz. that if the square on one side of a triangle is equal to the 
squares on the other two sides, the triangle is right-angled, 

CoR. 3. It follows that in a triangle right-angled at B, 

AB^^AC^-BC^ and BC^^AC^-- AB\ 
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Def, 39. The projection of one line on another line is the 
portion of the latter intercepted between perpendiculars let 
fall on it from the extremities of the former. 

Thus, the projections of AB^ CD on EF are the lines 
ah^ cd respectively. 




It is clear that the line EF must be supposed in- 
definitely long. There could be no projection of AB on 
the terminated line GF, 

Theorem 30. 

In any triangle the square on a side opposite an acute 
angle is less than the squares on the sides containing that 
angle by twice the rectar^le contained by either of those sides 
and the projection on it of the other. 

Let ABC be a triangle, B an acute 
angle, BD the projection of AB on BC^ 
then will 

AC^^AE'^BC^'-2CBy^BD, 

Proof For AC^^AI^^DC^ by 
Theorem 29, 

but Alf = AB^ - BL^, by the same Theorem, 

and Z>C" = BC* + Blf -iCB^BD (^y Theorem 26). 

Therefore AC^-^AB^^BC*-2CBxBD. 




W.G. 
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Theorem 31. 

In an obtuse-angled triangle the square on the side sub- 
tending the obtuse angle is greater than the squares on the 
sides containing that angle by twice the rectangle .contained 
by either of these sides and the projection on it of the other 
side. 



, Let ABC be the triangle, ABC being the obtuse angle, 
BD the projection of AB on BC^ BC being produced 
backward. 

ThenwiU AC* = AB' + BC^ + 2CB.Bn, 
for ^ C" = Aiy + Z> C", by Theorem 2 9, 

but Aiy = AB" - Biy, 

and Z>C"«C^ + ^Z>» + 2C^.^Z>, byTh. 25, 

therefore AC*^ AB" + BC'-^2CB. BD. 

Exercises on Equivalent Figures. 

Ex. I. Jf through any point in the diagonal of a 
parallelogram lines be drawn parallel to the sides^ the two 
parallelograms so formed through which the diagonal does 
not pass are equivalent to one another. 

Let ABCD be a parallel- 
ogram, P any point on the dia- 
gonal AC, and let RPQ, SFT 
be' drawn parallel to the sides. 

Then will i'^ « FD. 
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Pro(^. For the triangle ABC= the triangle ADC (Th. 
2 1) and die triangles ASF, FQC^ the triangles AILP, PTC 

Therefore the remainders are equal, that is^ PB = PD. 

These parallelograms are called complemaUs^ 

Ex. 2. In any triangle the sum of the squares en any 
two sides is dauMe of the sum of the squares an half the hue 
and on the line which joins the vertex to the middle point of 
the base. 

Let ACj2t, side of the triangle ABCy 2 

be bisected in I?-, then will / 

A£r-k'BC*=2AUF^iiBUF. /j 

Proof. For let -O^ be the projection / / 

ofBDonAC. j^ — *-_ 

Then A£^ =AU^^I>B^^ 2 An. I}£(^Y Theorem 31) 
and BC*= CI7 + I>B^^ 2CD.ED (by Theorem 30), 

therefore remembering that AD = DC, we obtain by addi- 
tion that 

AB* ^ BC =^ 2AD^ + iDB'. 

Ex. 3. To divide a straight line into two parts such 
that the rectangle contained by the whole line and one of the 
parts is equal to the square of the other part. 



Let AB be the given line. 

Construction. Draw a square ACDB 
on AB'y bisect ACm E. Join BE'y pro- 
duce EA to F, making EF^ EB-y on AF 
describe a square AFGH. 

AH and HB are the parts required, 
so that the rectangle AB x BH= AJEP. 

Proof. Produce 6^Zr to meet CZ> in a: 



\ .^ 



F2 
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Then since CA is bisected in E^ and divided externally 
in^, 

therefore CF^^FA^EF^-EA^ (Th. 27, Cor.) ; 
but EF* = EB", and therefore EF* - EA* = AB" 

(Th. 29, Cor. 3), 
therefore CFxFA = AB] 
that k, the figure FK^ the figure ADy and therefore 

FH^HD. 

But ^Z> is the rectangle -4jff x BH\ and i^^ is the 
square on AH\ 

therefore AB x BH^ AJT. 

Exercises. 

1. If a straight line be divided into any two parts, 
the square on the whole line will be equal to the sum of the 
rectangles contained by the whole line and each of the 
parts. 

2. Construct a square double of a given square. 

3. Construct a square equal to two, or three, or any 
number of given squares. 

4. Divide a straight line into two parts, such that the 
square of one of the parts may be half the square on the 
whole line. 

5. Given the base, area, and one of the angles at the 
base, construct the triangle. 

6. Find the locus of a point which moves so that 
the sum of the squares of its distance firom two given 
points is constant (Cf. Ex. 2, p. 67). 

On the Quadrature of a Rectilineal Area, 

There is one more problem which firom its historical 
interest, and fi-om jthe valuable illustrations it aflfords of- the 
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methods and limitations of Geometry, should find a place 
here. This problem is called the quadrature of a rectilineal 
area^ which means the finding a square whose area is equiva- 
lent to that of any given figure which is bounded by straight 
lines. It gave a means of comparing any two dissimilarly 
shaped rectilineal figures, such as irregularly shaped fields 
whose boundaries were straight In the present condition 
of mathematics it is not necessary, as the student will here- 
after learn, but it will always be instructive. 

The problem is approached by the following stages : 

(i) To construct a parallelogram, with sides inclined 
at a given angle, equivalent to a given triangle. 

(2) To construct on a given straight line a. parallelo' 
gram, with sides inclined at a given angle, equivalent to a 
given triangle. 

(3) To construct a parallelogram, with sides inclined 
at a given angle, equivalent to 2. given rectilineal figure, 

(4) To construct a square equivalent to a given recti- 
lineal figure. 

(i) To construct a pared- tr "r- — j^ 

lelogram, with sides inclined at /'^x/ / 

an angle = E^ equal to the tri- I \ TC / m 

angle ABC. ' ^ V Z_ 

Construction, Bisect AC in D^ make the angle CDF 
= jE, and through B draw -^TrZT parallel XoAC^ and draw CH 
parallel to DF, 

FDCHynH be the parallelogram required. 

Proof. If BD be joined, it will be clear that the tri- 
angle BAC'aind the parallelogram FHCD are each of them 
double of the triangle BDC (Th. 2'^^ and therefore the 
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parallelogram FHCD = the triangle BAC and it has an 
angle = E^ which was required. 

It is now possible to proceed to the second stage of the 
problem, viz. 

(2) To construct on a given straight line^ a parallelogram^ 
having a given angle, equal to a given triangle. 

Let BAC be the given triangle, E the given angle as 
before, and let it be required to construct on the line GO di 
parallelogram equivalent to BAC, and having an angle E. 

Construction. Construct the 

parallelogram FDGH2& before, r— "^ ;;-?-^ 

and place it so that one of its / / .^''' / 
sides GH may be in the same / Z^.''' / 
straight line with GO. ^""-'1^ 'P^ 

Produce FD, and draw OQ qf----/- ^ 

parallel to GD to meet FI> in Q, 

Join QG, and produce it to meet FI£ produced in S, 

Draw SKR parallel to FQ, meeting DG produced in 
Kf and QO produced in F. 

Then GORK is the parallelogram required. 

Froof, For the parallelogram 7^6^ -the parallelogram 
GR, being complements; and 7^6^* the given triangle ABC. 

Therefore 6^^«the triangle ABC, and it has an angle = 
E, since it is equiangular with the parallelogram FDGH. 

The third stage of the problem consists in a repeated 
application of these two constructions. 

(3) To construct a parallelogram, having a given angle, 
equivalent to a given rectilineal figure. 

Let ABCDE be the given rectilineal figure; F, the 
given angle. Divide ABCDE into triangles by joining 
BE, BD. 



I.] 
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Construdian, Construct as before a parallelogram 
GHIK^ BAEy and having an angle zXK^F. 

Construct on HI a parallelogram, HJLI^ BED^ and 
having the angle HIL - K. 

And construct on /L a parallelogram JMNL^BCD 
and having the z.n^'tJLN^ F, 

GKNMw^ then be the parallelogram required. 

Proof, For since the angle HIL = the angle K, it 
is therefore supplementary to HIK\ and therefore (by 
Theorem i) KIL is a straight line. 

Similarly GM and KN are straight lines; and MN\% 
obviously parallel to GK, 

Therefore GKNM is a parallelogram, having the given 
angle, and it is by construction equivalent to the given 
rectilineal figure. 

Now we are able to solve the original problem. 

(4) Let it he required to construct a square « ABCDE, 

Construction, By the pre- 
vious construction make a 
rectangle equal to ABCDE, 
and let FQES be the rect- 
angle so made. 

Then if FQ= QE the 
rectangle is a square; but if 
not, produce FQ to T, making QT= QE, on FQT as 
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diameter describe a semicircle, U being the centre, and 
produce RQ\.o meet the circumference in V. 

If a square be described on QV^ this square will be 
equal to ABCDE. 

Proof, For since PQ is the sum of PU and UQ^ and 
Q,T\& the difference oiPU(or UT) and d7iQ, it follows (from 
Theorem 27) that the rectangle PQy. QT^PIP-UQ\ 
but PU^^ UV\ and therefore PU^ -- U(^^UV*- U(Z, 
that is, VQ^y by Theorem 30. 

But the rectangle PQy,QT\s\ht rectangle PQRS, which 
was made equal to ABCDE, 

Therefore VC^^ABCDE^ and the square described on 
VQ is the square required. 

Remark. If the given figure is not rectilineal, it cannot 
be divided into triangles: hence by this method it is im- 
possible to construct a square equal to a given curvilinear 
area. Nor can any method depending on the use. of the 
ruler and compasses only, (see p. 3,8,) construct a square 
equal to some curvilinear areas, such as the circle. This 
is the problem of squaring the circle, the solution of which 
cannot be effected without the use of other instruments. 



We subjoin a few problems and theorems as miscel- 
laneous exercises in the Geometry of angles, lines, triangles, 
parallelograms, and the equivalence of figures. 
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Miscellaneous Theorems and Problems. 

1. Prove that the acute angle between the bisectors of 
the angles at the base of an isosceles triangle is equal to 
one of the angles at the base of the triangle. 

2. Find a point equally distant from three given 
straight lines. 

3. Find the locus of the middle point of a line drawn 
from a given point to meet a given line. 

4. If the diagonals of a quadrilateral bisect one 
another and are equal to one another, the figmre will be 
a rectangle. 

5. If the diagonals of a quadrilateral bisect one 
another at right angles and are also equal, the figure will 
be a square. 

6. If ABC is a triangle, AB being greater than AC^ 
and a point D in AB be taken such that AD = AC; prove 
that BCD is equal to half the difference of the angles 
ABC, ACB. 

7. If the opposite angles of a quadrilateral are equal, 
the figure is a parallelogram. 

8. If A BCD is a parallelogram, and AE= CF are 
cut off firom the diagonal AC, then BEDF will be a 
parallelogram. 

9. If AA' ^ CC be cut off from the diagonal AC, and 
BB^ = DDf from the diagonal BD of a parallelogram, then 
will A'BC'Dt be also a parallelogram. 

10. If AA'^^BB^CC^DU be cut off from the 
sides of the parallelogram A BCD taken in order, then will 
AS CD be also a parallelogram. 
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11. ABC is a triangle, and through Z>, the middle 
point of ABy DEy DF are drawn parallel to the sides BC, 
AC to meet them in £F Shew that ^^is parallel to AB, 

12. Through a given point to draw a line such that 
the part of it intercepted between two parallel lines shall 
have a given length. 

13. To describe a rhombus equal to a given paral- 
lelogram, having its side equal to the longer side of the 
parallelogram. 

14. Shew that the diagonal of a rectangle is longer 
than any other line whose extremities are on the sides of 
the rectangle. 

15. From the extremities of the base of an isosceles 
triangle straight lines are drawn perp>endicular to the op- 
posite sides; the angles made by them with the base are 
equal to half the vertical angle. 

16. If one angle of a triangle is equal to the sum of 
the other two, the greatest side is double of the distance of 
its middle point from the opposite angle. 

17. Find the locus of a point, given the sum or 
difference of its distances from two fixed lines. 

18. ABC is a triangle, AB greater than BC; BD 
bisects the base AC^ and BE the angle ABC Prove 
(i) that ADB is an obtuse angle; (2) that ABD is less 
than DBC\ and (3) that BE is less than BD, 

19. If two sides of a triangle be given, its area will be 
greatest when they contain a right angle. 

20. BCD, . . are points on the circumference of a circle, 
A any point not the centre of the circle. Shew that of the 
lines ABy ACy AD,,, not more than two can be equal. 



I.] MISCELLANEOUS THEOREMS AND PROBLEMS, 75 

21. Of all triangles having the same base and area, 
that which is isosceles has the least perimeter. 

22. Of all triangles having the same vertical angle, and 
whose bases pass through a given point, the least is that 
whose base is bisected in that point. 

23. The diagonals of a parallelogram divide it into 
four equivalent triangles. 

24. If from any point in the diagonal of a paral- 
lelogram straight lines b^ drawn to the angles, then the 
parallelogram will be divided into two pairs of equivalent 
triangles. 

25. ABCD IS a parallelogram, and E any point in the 
diagonal AC produced. Shew that the triangles EBC^ 
EDC\r^ be equivalent 

26. ABCD is a parallelogram, and O any point within 
it, shew that the triangles OAB^ OCD are together equiva- 
lent to half the parallelogram. 

27. On the same supposition if lines are drawn through 
O parallel to the sides of the parallelogram, then the 
difference of the parallelograms DO^ BO is double of the 
triangle OAC. 

28. The diagonals of a parallelogram intersect in O^ 
and -P is a point within the triangle OAB, Prove that the 
difference of the triangles AFB, CPD^ is equivalent to th6 
sum of the triangles APC^ BFD, 

29. If the points of bisection of the sides of a triangle 
be joined, the triangle so formed shall be one-fourth of the 
given triangle. 

30. Shew that the sum of the squares on the lines 
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joining the angular points of a square to any point within 
it is double of the sum of the squares on the perpendiculars 
from that point on the sides. 

31. If the sides of a quadrilateral figure be bisected, 
and the points of bisection joined, prove that the figure so 
formed will be a parallelogram equal in area to half the 
given quadrilateral 

32. Any line drawn through the intersection of the 
diagonals of a parallelogram to meet the sides bisects the figure. 

33. D\s the middle point of the side ^C of a triangle 
ACB^ and any parallel lines BEy DF are drawn to meet 
AC, AB (or ^C) in ^ and F, shew that ^i^ divides the 
ria ngle into two equal areas. 

34. If the sides of a triangle are 3, 4, 5 inches re- 
spectively, the triangle is right-angled. 

35. The area of a rhombus is equal to half the rect- 
angle constructed on the two diameters of the rhombus. 

36. If two opposite sides of a quadrilateral are par- 
allel, and their points of bisection joined, the quadrilateral 
will be bisected. 

37. If two opposite sides of a parallelogram be bi- 
sected, and lines be drawn from these two points of bi- 
section to the opposite angles, these lines will be parallel, 
and will trisect the diagonal. 

38. The sum of the squares described on the sides of a 
rhombus is equal to the squares described on its diameters. 

39. From the sides of the triangle ABC, AA\ BB", 
CC, are cut off each equal to two-thirds of the side from 
which it is cut Shew that the triangle A'BC is one-third 
of the triangle -4-5 C 
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40. Find the locus of the vertices of triangles of equal 
area upon the same base. 

41. Find the locus of a point, such that the sum of the 
squares on its distances from two given points is equal to 
the square on the distance between the two points. 

42. If m and n are any numbers, and lines be taken 
whose lengths are /«* + «■, m^-n* and 2mn units respec- 
tively, shew that these lines will form a right-angled triangle. 
Give examples of these triangles. 

43. Through two given points on opposite sides of a 
straight line draw two straight lines to meet in that line, so 
that the angle which they form shall be bisected by that 
line. 

44. Through a given point draw a line such that the 
perpendiculars on it from two given points may be equal. 

45. Find points D, E in the equal sides AB, AC oi 
an isosceles triangle ABC, such that BD = DE =^EC 

46. Given two points and a straight line of indefinite 
length, construct an equilateral triangle so that two of its 
sides shall pass through the given points, and the third shall 
be in the given straight line. 

47. Construct an isosceles triangle having the angle at 
the vertex double of the angles at the base. 

48. Bisect a triangle by a line passing through one of 
its angular points. 

49. Bisect a triangle by a line passing through a point 
in one of its sides. 

50. Bisect a parallelogram by a line passing through 
any given point > 
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51. Construct a triangle equal to a given quadrilateral 
figure. 

52. Bisect a given quadrilateral figure by a line drawn 
froni one of its angular points. 

53. Bisect a given five-sided figure by a line drawn 
fi*om one of its angular points. 

54. Produce a given straight line to such a distance 
that the square on the produced part may be double of the 
square on the given line. 

55. Produce a given straight line to such a distance 
that the square on the whole line may be double of the 
square on the given line. 

56. Given two sides and a median, construct the tri- 
angle. 

57. Divide a straight line into two parts such that the 
square on one part may be four times the square on the 
other. 

58. From B^ one of the angles of a triangle ABC^ 
a perpendicular BD is let fall on AC. Shew that the 
difference of the squares on AB^ BCis equal to the differ- 
ence of the squares on A I?, DC. 

59. AC one of the sides of a triangle ABC is bisected 
in £>: and jffZ? joined. Shew that the squares on AB and 
BC together are equal to twice the square on BD, and 
twice the square on AD. 

60. Produce a given line AB to B so that AB , BP^ 
AB'. 

61. ABCD is the diameter of two concentric circles, 
P, Q any points on the outer and inner circles respectively. 
Prove that BP* + Ci^ = ^ (2" + DC^. 
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<62. Prove that the sqnazes on the diagonals of a rect- 
angle are together equal to the squares on its sides. 

(i'^. Prove that the squares on the diagonals of any 
paralldogram are together equal to the squares on its sides. 

64. 0\s the point of intersection of the diagonals of 
a square ABCD^ and P any other point whatever. Prove 
that AP^^BP^^CP^^DP^^^OA^-^^OP^. 

65. Given the base, difference of. sides, and difference 
of angles at the base, construct the triangle. 

66. If from one of the acute angles of a right-angled 
triangle a line be drawn to the opposite side, the squares 
on that side and the line so drawn are together equal to the 
squares on the segment adjacent to the right angle and on 
the hypothenuse. 

67. If from the right angle C of a right-angled triangle 
ABC straight lines be drawn to the opposite angles of the 
square on AB^ the difference of the squares on these two 
lines will equal the difference of the squares on ^ Cand BC, 

68. AB is divided into two unequal parts in C and 
equal parts in 2? ; shew that the squares on ^ C and BC 
are greater than twice the rectangle -^Cx CB by four 
times the square on CD, 

69. In any right-angled triangle the square on one 
of the sides containing the right angle is equal to the 
rectangle contained by the sum and difference of the other 
two sides. 

70. In any isosceles triangle ABCy if AD is drawn 
from A the vertex to any point D in the base, shew that 

AB^ - AD* -^BD . DC 
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71. Prove that four times the sum of the squares on the 
medians of a triangle is equal to three times the sum of the 
squares on the sides of the triangle. 

72. The square of the base of an isosceles triangle 
is double the rectangle contained by either side, and the 
projection on it of the base. 

73. The squares on the diagonals of a quadrilateral 
are double of the squares on the sides of the parallelogram 
formed by joining the middle points of its sides. 

74. Hence shew that they are also double of the squares 
on the lines which join the points of bisection of the oppo- 
site sides of the quadrilateral. 

75. The squares on the diagonals of a quadrilateral 
aret together less than the squares on the four sides by four 
times the square on the line joining the points of bisection 
of the diagonals. 

76. In any quadrilateral figure the lines which join the 
middle points of opposite sides intersect in the line which 
joins the middle point of the diagonals. 

77. The locus of a point which moves so that the sum 
of the squares of its distances from three given points is 
constant is a circle. 



BOOK II. THE CIRCLE. 



INTRODUCTION. 



Def, I. If a point moves in a plane so that its dis- 
tance from a fixed point is constant, it traces out a line 
which is called the circumference of a circle^ 

Def 2. The fixed point is called the centre of the circle. 

Def 3. The distance of any point on the circumference 
from the centre is called the radius. 

Def 4. A line through the centre, terminated both 
ways by the circumference, is called a diameter of a circle. 

Def. 5. Any portion of a circumference is called an arc, 

Def 6. The figure enclosed by an arc and the radii to 
its extremities is called a sector. 

Def 7. The line joining the extremities of an arc is 
called a chord of that arc. 

Def 8. The parts into which a chord divides a circle 
are called segments. 

w. G. G 
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Several properties of a circle follow at once from the 
definitions. 

1. All radii of a circle are 
equal. 

2. All diameters of a circle are 
equal, 

3. A circle cannot cut a straight 
line in more points than two: for 
from the centre of the circle not more 

than two equal straight lines can be drawn to meet the given 
straight line. 

4. Jf a circle were to. rotate round its centre its circum- 
ference would always occupy the same position, 

5. Any arc is superposable on an equal arc of the same 
circle, 

6. Circles are equal whose radii are equal, 

7. A point is outside^ on, or inside the circumference 
according as its distance from the cetitre is greater than, equal 
to, or less than the radius. 
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SECTION I. 
Properties of Centre. 

Theorem i. Rotatory Properties of the Circle. 

Equal arcs of a circle subtend equal angles at the centre^ 
and have equal chords; and conversely, equal angles at the centre 
cut off equal arcs and have equal chords; and equal chords in 
a circle cut off equal arcs, and subtend equal angles at the centre. 

Let ABFQ be a circle, and let 
the arc AB be given equal to arc 
PQ, then will the angle A OB at the 
centre = the angle POQ, and the 
chord AB = the chord BQ. 

For if the sector A OB were 
to rotate round O till A fell on B, 
B would fall on Q, (since arc AB'=* 
arc BQ), and the angle A OB would 

coincide with BOQ, and therefore is equal to it; and for the 
same reason the chord ^^=the chord BQ, 

In the same manner it may be shewn that if the angle 
A OB is given equal to BOQ, then the arcs and chords 
would coincide and are therefore equal. 

And if the chord AB is given equal to the chord BQ^ 
then the triangles A OB, BOQ have the three sides of the 
one equal to the three sides of the other; and therefore the 

G 2 
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angle AOB^ih^ angle POQ'y and therefore also the arc 
AB ^Hait zxc PQ. 

Cor. I. If the arcs or angles qf sectors of a circle are 
equals the sectors are equal. 

Cor. 2. In equal circles equal arcs subtend equal angles 
at the centre and cut off equal chords. 

Cor. 3. The diameter divides the circle into two equal 
partSy which are therefore called semicircles. 



Kemark on Theorem i. 

The student has now had seveial examples of theorems, 
and their converse and opposite theorems, and it will be well 
for him to observe under what conditions a converse theorem 
is true. 

This may be generalized into the following statement. 
If A^ B^ C,„ 2& conditions involve 2? as a result, and the 
failure of C involves a failure oi D\ then A^ B, D,,. as 
conditions involve C as a result 

For example, in a circle, {A\ angles at the centre, {B) 
which stand on equal arcs, (C), are equal, (D), 

and if the arcs are unequal, {the failure of C}, the angles are 
unequal, {the failure of Z>}. 

Hence it follows logically that in a circle, {A), angles at 
the centre, {B)y which are equal (27), stand on equal arcs, {C\ 

All converse theorems can be at once proved by the 
reducdo ad absurdum, but we shall in general enunciate 
immediate converses, when they are true, without giving a 
detailed prooC . . 
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Symmetry of a figure with respect to a line. 

Defi 9. A figure is said to be symmetrical with respect 
to a line^ when every line at right angles to that line cuts 
the figure at points which are equidistant from that line. 

Thus the figure APBQ 
is symmetrical with respect 
to AB, if every line PNQ 
at right angles to AB -^ 
cuts it so that 

PN^QN. 




Theorem 2. 
Symmetry of the Circle with respect to its Diameter. 

A circle is symmetrical with respect to any diameter. 

Let AB be any diameter, PNQ 
any line drawn perpendicular to 
ABy meeting the circle in -Pand 
Q. Then shall PN^ NQ. 

For OPzxiA. OQ are equal ob- 
liques drawn from O to PQ^ and 
therefore they are equally distant 
from the perpendicular : and there- 
fore iW=iV^Q (i. 12). 

CoR. I. Hence the semicircle APB if folded over the 
line A By would coincide with the semicircle A QB, PN falling 
on NQ ; and therefore the arc AP= the arc A Q, and the arc 
PB = thearcBQ. 
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Cor. 2. Hence also parallel chords in a circle intercept 
equal afcs. 

If PQ, jRS are parallel chords, 
then will the arc FJ^ = the arc 
QS. 

For when one semicircle is 
folded on the other, F would coin- 
cide with Q, and ^ with 5, and 
therefore the arc PI^ with the arc 
QS. 

Cor. 3. This fundamental property of a circle, viz. its 
S)nnmetry with respect to a diameter, gives rise to many 
theorems. For it appears that the diameter AB in the figure 
of Cor. 2 fulfils six conditions: (i) It is perpendicular to 
the chord -PQ; (2) it passes through the centre; (3) it bisects 
the chord ; (4) it bisects the arc QAP; (5) it bisects the 
arc PBQ ; (6) it bisects any chord parallel to PQ. And 
since only one line can be drawn to fulfil any two of the 
above conditions, it follows that a line which fulfils any two 
of them, fulfils the remaining; four. 

For example : the original theorem, with its first corol- 
lary, is (a) If a line fulfils (i) and (2), // also fulfils (3), 
(4) (ind (5). 

Hence (fi) If a line bisects a chord at right angles (i) 
and (3), it must pass through the centre (2). 

And, (7) A line that bisects any chord and its arc, (3) 
and {^\ will pass through the centre (2). 

And, (8) The line drawn from the centre to bisect a chord 
(2 and 3) is perpendicular to that chord (i). 
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By combining these data in different ways, many dif- 
ferent theorems may be made. 



Exercises. 

I. If a straight line cut two concentric circles, the 
parts of it intercepted between the two circumferences will 
be equal. 

a. Of two angles at the centre, the greater angle is 
subtended by the greater arc; and also by the greater 
chord, if the sum of the two angles is less than four right 
angles. Prove this and its converse propositions. 

3. Perpendiculars are let fall from the extremities of a 
diameter on any chord, or any chord produced ; shew that 
the feet of the perpendiculars are equally distant from the 
centre. 

4. The locus of the points of bisection of parallel 
chords of a circle is the diameter at right angles to those 
chords. 

5. If a diameter of a circle bisects a chord which does 
not pass through the centre, it will bisect all chords which 
are parallel to it 

6. AB and CD are unequal parallel chords in a circle, 
prove that AC and £D^ and likewise AD and BC inter- 
sect on the diameter perpendicular to AB and CD, or that 
diameter produced, and are equally inclined to that dia- 
meter. 

What will be the case \f AB and CD are equal ? 
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Theorem 3. 

One circle^ and only one circle, can he drawn to pass through 
three given points which are not in the same straight line. 

Let A, B^ C be the three given 
points. Join AB, BC. 

Then since AB is to be a chord, 
the locus of the centre is the straight 
line that bisects AB at right angles 
(II. 2, PI 

Similarly, the line that bisects BC at right angles must 
pass through the centre. Hence the centre must be at O, 
the point of intersection of these perpendiculars ; and the 
circle described with centre O and radius OA will pass 
through A, B and C. 

And there can be only one centre, since the perpen- 
diculars intersect in only one point. 

The three points thus determine the circle. 

Cor. I. Circles that have three points in common^ coin- 
dde wholly. 

Hence a circle is named by the letters which mark three 
points on its circumference. 

Cor. 2. Different circles can intersect in two points only, 

Def. 10. The circle is said to be circumscribed sboMt the 
triangle ABC, and the triangle ABC is said to be inscribed 
in the circle, when the points A, B, C are on the circum- 
ference of the circle. 

Z>ef, II. The distance of a chord from the centre is the 
perpendicular on the chord from the centre. 
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Theorem 4. 

Equal chords of a circle are equally distant from the centre^ 
and conversely ; and of two unequal chords the greater is 
nearer to the centre than the less^ and conversely. 

Let ABy CD be chords of a 
circle, OM^ ON^t perpendiculars 
on them from the centre, bisecting 
the chords in M and N respec- 
tively. Join OCy OA. 

Then since Mand iVare right 
angles, therefore 

OM'-^MC'=OC (I. 29), 
and ON^-^NA^^OA^ 

but (9C= OA, and (9C» = OA^ ; 

therefore OM' + MC = OM' + JVA'. 

Hence, (i) if AB^ CD and AN= CM, 
it follows that 0M= ON, 

(2) If AB > CD, AN:> CM, 
and therefore OM is < ON. 

(3) If 0N= OM, 

therefore AN^ CM and AB = CD. 

(4) If 0N< OM, 

AN:> CM and AB > CD. 

Cor. I. The diameter is the grecUest chord of a circle. 

Cor. 2. The locus of the middle points of equal chords 
in a circle is a concentric circle. 
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Exercises. 

1. Given a triangle ABC to find the centre of the cir- • 
cumscribing circle. 

2. A chord 8 inches long is drawn in a circle whose 
radius is 5 inches ; find the distance of the chord from the 
centre. 

3. A chord is drawn at the distance of one foot from 
the centre of a circle whose diameter is 26 inches; find the 
length of the chord. 

4. Given a circle to find its centre. 

5. If two equal chords intersect one another, the seg- 
ments of the one are equal to the segments of the other 
respectively. 

6. Two chords cannot bisect one another unless both 
pass through the centre. 

7. Given a curve, to ascertain whether it is an arc of a 
circle or not. 
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SECTION II, 

Angles in Segments of the Circle. 



Theorem 5. 

The angle subtended at any point in the circumference by 
any arc of a circle is half of the angle subtended by the 
same arc at the centre. 

Let AB be any arc, O the centre, P any point on the 





circumference. Then will the angle A OB be double of 
the angle APB. 

Join PO^ and produce it to Q, 

Then because, from the definition of a circle, OPA is 
an isosceles triangle, the angle OAP^\\\q angle OPA: 
but the exterior angle AOQ is equal to the two interior 
and opposite angles OAP and OPA (i. 7) ; and therefore 
the angle AOQ is double of the angle OPA. Similarly 
the angle QOB is double of the angle OPB, 

Hence (in fig. i) the sum, or (in fig. 2) the difference 
of the angles AOQ^ QOB is double of the sum or dif- 
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ference of OP A and OPB, that is, the angle AOB is double 
of the angle APB^ or the angle APB is half of the angle 
AOB. 

Def, 12. The angle APB is said to be the angle in the 
segment APB. 

Cor. I. Angles in the same segment of a circle are equal 
to one another. 

For each of the angles APB^ 
AQB is half of the angle sub- 
tended at the centre by the arc 
ARB. . 

The segment APQB is said 
to be capable of an angle equal 
to the angle APB or A QB. 

Remark, It is important to remember here that angles 
may be greater than two right angles, and that the ex- 
istence of such angles is contemplated in the foregoing 
theorem and corollary. 

Thus, if a line be conceived to revolve round O start- 
ing from an . initial position OA^ and revolving in the 





direction of the arrow, it describes an angle of constantly 
increasing magnitude; when it reaches the position OB 
it has described an angle equal to two right angles; and 
in the position OQ it has described an angle greater thaii 
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two right angles. There are thus two angles AOQy one 
taken in the direction of the arrow greater than two right 
angles, and the other taken in the opposite direction less 
than two right angles. 

Thus, in the figure, the angle 
BOA standing on the arc A CB is 
less than two right angles ; and the 
angle A OB on the arc ADB is 
greater than two right angles. 

Hence it is clear that the 
angle at the centre standing on 
any arc is less than, equal to, 
or greater than two right angles 

according as the arc is less than, equal to, or greater than 
a semi-circumference. 




Cor. 2. If a circle is divided into any two segments by 
a chord, the angles in the segments will be supplementary to 
one another. 

For of the two angles at (9, the one is double of the 
angle in the segment ADB, and the other of the angle in 
the segment -^C^. 

But the angles at O make up four 
right angles (i. 2), therefore the angles 
in the segments ACB^ ADB make 
up two right angles. 

These segments are called Supple- 
mentary Segments. 




CoR. 3. TTie angle in a semicircle is a right angle. 
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For let APB be a semicircle: 
then the angle in the segment is 
half the angle at the centre : that 
is, the angle APB is half the 
angle A OB, which is two right 
angles; therefore the angle APB 
is a right angle. 'n^ y' 

Def, 13. A polygon is said to 
be inscribed in a circle, when its angular points are on the 
circumference of the circle. 

CoR. 4. The opposite angles of every quadrilateral figure 
inscribed in a circle are together equal 
to two right angles. 

For the segments ABC, ADC 
are supplementary segments, and so 
also are the segments BAD, BCD, 

Therefore by Cor. 3 the angles 
ABC, ADC are together equal to 
two right angles; and the angles 
BAD, BCD are also together equal 
to two right angles. 

Cor. 5. The locus of a point at which a given straight 
line subtends a constant angle is an arc of a circle. 

For if AB be the given straight 
line, and on it there is described a 
segment capable of the given angle, 
at every point in the arc the straight 
line subtends the given angle, and 
at every other point the angle is 
greater or less, according as it is 
within or without the segment. 

The segment may be described on both sides of the 
line AB. 
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It will be seen that this is the converse and opposite of 
Cor. I. 

Cor. 6. In equal circles equal angles at the circumferences 
stand upon equal arcs, and conversely. 

This may be proved by superposition. 

Exercises. 

1. Prove that the lines which join the extremities of 
equal arcs in a circle are either equal or parallel. 

2. If two opposite angles of a quadrilateral figure are 
together equal to two right angles, prove that a circle which 
passes through three of its angular points will also pass 
through the fourth. 

3. If two opposite sides of a quadrilateral inscribed 
in a circle are equal, prove that the other two are parallel. 

4. AB, CD are chords of a circle which cut at a con- 
stant angle. Prove that the sum of the arcs AC, BD 
renciains constant, whatever may be the position of the 
chords. 

5. If the diameter of a circle be one of the equal 
sides of an isosceles triangle, prove that its circumference 
will bisect the base of the triangle. 

6. Circles are described on two sides of a triangle as 
diameters. Prove that they will intersect on the third side 
or third side produced. 

7. Any number of chords of a circle are drawn through 
a point on its circumference : find the locus of their middle 
points. 

8. If through any point, within or without a circle, 
lines are drawn to cut the circle, prove that the locus of 
the middle points of the chords so formed is a circle. 



9^ ELEMENTARY GEOMETRY. [Book 



SECTION III. 
The Tangent and Normal. 

Def, 14. When a straight line cuts a circle it is called 
a secant 

Thus ABCD is a secant of the circle ACE. 




Def. 15. When one of the points in which a secant cuts 
a circle is made to move up to, and ultimately coincide with 
the other, the ultimate position of the secant is called the 
tangent at that point 

Thus, MABCD be conceived to revolve round B, in 
the direction of the arrow, the point C will move to C and 
will ultimately coincide with B^ and the line TBSy which is 
the position the secant then attains, is said to be a tangent 
to the circle at the point B. 

The point B is then called the point of contact. 

Several important properties follow at once from this 
definition of a tangent. 
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Theorem 6. 

A tangent meets the circle in one point only^ viz, the point 
of contact. 

For since a secant can cut a circle in two points only, 
it follows that the parts AB^ CD are wholly without the 
circle; and therefore when C moves up to B^ and the chord 
BC\% merged in the point B^ the whole line, with excep- 
tion of the point j5, is outside tlie circle. 

Theorem 7. 

TTu radius to the point of contact is at right angles to the 
tangent. 

For if F be the middle point of the chord BC^ OF is 
perpendicular to ^C; and as C moves to By F will also 
move up to B^ and when the secant becomes a tangent, OFy 
which is always at right angles to the secant, coincides with 
the radius OB, 

Therefore OB is at right a'ngles to the tangent TBS, 

Cor. I. Hence there can be only one tangent to a circle at 
a ^ven point, 

CoR. 2. TTie line at right angles to the tangent through 
the point of contact passes through tJie centre, 

Def, 16. When a secant is 
drawn from the point of con- 
tact of a tangent it divides the 
circle into segments which are 
said to be alternate to the angles 
made by the tangent with the 
secant on its sides opposite to 
the segments. 

w, G. . H 
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Thus ACB is a segment alternate with BAS^ and 
BDAyaHaBAT. 

Theorem 8. 

If from the point of contact of a straight line and a circle 
a chord of the circle be drawn, the angles made by the chord 
with the tangent will be equal to the angles in the alternate 
segments of the circle* 

, Let a chord AB be drawn 
from the point of contact A 
of the tangent TAS. 

Then will the angles BAS, 
BAT he equal to the angles in 
the alternate segments of the 
circle. 

For take any point P in 
the arc of the segment alternate 
to BAS, and join PB, PA, and 
produce PA to Q. 

Conceive the point P to move along the arc towards A, 
Then the angle BPA in the segment remains always the 
same; and it will after a while assume the position of the 
dotted lines BP'A, and ultimately when P has moved up 
to A, the angle BPA will coincide with the angle BAS, 
since the limiting position of the secant PQ is the tangent 
AS, and BP then coincides with BA. Therefore the angle 
^-^5 = the angle BPA in the alternate segment. 

Similarly it may be shewn that the angle ^^T'-the 
angle BPA. 

Def 17. If from any point on a curve a line is drawn 
at right angles to the tangent at that point, it is called 
a normal to the curve at that point. 
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Since the radius is at right angles to the tangent to 
a circle, it follows that all radii are normals to a circle^ 

Theorem 9. 

From any point within or without a circle except the 
centre^ two and only two normals can be drawn, one of which 
is the shortest y and the other the longest line that can be drawn 
from that point to the circumference: and as a point moves 
along the circumference from the extremity of the shortest to 
the extremity of the longest normal, its distance from the fixed 
point continually increases. 





Let A be the fixed point, O the centre, and let AO 
produced through the centre meet the circumference in B, 
and produced if necessary in the other direction meet it 
in C. 

Then AB and AC are normals and are the only nor- 
mals, and are respectively the longest and shortest lines 
that can be drawn from A to the circumference : and if 
F, Q are any other points such th^t. the arc CF is less 
than CQ, AF shall be less than AQ. 

Join OF, OQ. 

Then it is clear that AB and AC are at right angles 
to the tangents at B and C, since A is di point in the 
radius OB ox OC. 

And if F is any other point, OF is the normal at that 

H2 
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point, and therefore AP is not the normal : hence two ' and 
only two normals can be drawn. 

Again, in the triangle APOy the difference of OP and 
OA is ACy since OP^ 0C\ and therefore AC\& less than 
AP (i. 13) : and the sum of OP and OA is AB^ since 
0P=^ OBy and therefore AB is greater than AP, Hence 
of all lines drawn from A to the circumference AC is the 
least and AB the greatest. 

Lastly, in the triangles A OP, AOQ since the two sides 
A Of OPaxG equal to AO, OQ, but the angle AOQ greater 
than the angle A OP, therefore AQ is greater than AP 
(i. 17). 

Therefore as a point moves from C to -^ along the arc, 
its distance from A continually increases. 

Cor. I. Two and only two equal straight lines can he 
drawn from A to the circumference, one on each side of the 
shortest normcU, 

Cor. 2. A point from which more than two equal 
straight lines can be drawn to a circumference must be the 
centre. 

Theorem 10. 
Intersection of Circles. 

The line that joins the centres of two intersecting circles, 

or that line produced, bisects at right angles their common 

chord. 

Fig. I. Fig. t. 
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Let (?, (y be the centres of two intersecting circles, PQ 
their common chord, then shall OO or (?(7 produced bisect 
PQ at right angles. 

For since PQ is a chord of both circles, the line which 
bisects PQ at right angles passes through both centres 
(ii. 2, jS) ; that is, it must be the line OO. 

Contact of Circles. 

Def, 1 8. AVhen one of the points in which one circle 
cuts another moves up to and ultimately coincides with the 
other, the circles are said to touch one another at that point 

Since two circles intersect in only two points, it fol- 
lows that two circles which touch one another can have 
no other point in common ; for the two points of intersec- 
tion are merged in the point of contact 

Theorem ii. 

If two circles touch one another ^ the line that joins their 
centres willpa^s through the point of contcu:t. 





For if in the figures of Th. lo, the centres O^ O' of the 
circles were to recede from one another, or were to ap- 
proach one another, the points P and Q would after a 
while approach one another, and the chord PQ would be- 
come indefinitely small, and be merged in the point T, and 
the circles would touch one another at T by the definition. 
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But the line 00' always bisects PQ^ and therefore it will 
ultimately pass through 7" the point of contact 

. Cor. I. Two circles thai touch one another have a com- 
mon tangent at their point of contact. 

For the line .at right angles to 00' through 7* is a 
tangent to both circles by Th. 7. 

Cor. 2. Jf Ry r are the radii of two circles^ D the 
distance between their centres^ it follows thai 

(i) When the circles intersect^ 

R^r>D or R-r^D. (i. 13). 





(2) When the circles touchy 

R + r=^n or R'-r^D. 

(3) When the circles do not meet, 

R + r^D or R-r>D. 

In other words, if J?, r, D are such that any two of 
them are greater than the third, the circles will intersect; 
if two of them are together equal to the third, the circles 
will touch; and if two of them are together less than the 
third, the circles will not meet, but be wholly inside or 
wholly outside one another. 
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Exercises. 

1. If a straight line touch the inner of two concentric 
circles, and be terminated by the outer, prove that it will 
be bisected at the point of contact. 

2. Any two chords which intersect on a diameter and 
make equal angles with it are equal. 

3. Two circles touch each other externally, and a 
third circle is described teuching both externally. Shew 
that the difference of the distances of its centre from the 
centre of the two given circles will be constant 

4. If two circles intersect one another, and circles are 
drawn to touch both, prove that either the sum or the dif- 
ference of the distances of their centres from the centres 
of the fixed circles will be constant, according as they touch 
(i) one internally and one externally, (2) both internally or 
both externally. 

5. If two circles touch one another, any line through 
the point of contact will cut off segments from the two 
circles capable of the same angle. 

6. If two circles touch one another, two straight lines 
through the point of contact will cut off arcs, the chords 
of which are parallel 

7. Two circles cut one another, and lines are drawn 
through the points of section and terminated by the cir- 
cumference, shew that they intercept arcs the chords of 
which are parallel. 

8. Circles whose radii are 67 and 7*8 inches are 
successively placed so as to have their centres 14, 14^, and 
15 inches apart. Shew whether the circles will meet or 
touch or not meet one another. 

9. What will be the case if the centres are i inch, 
!•! inch, or 1*2 inches apart? 
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SECTION IV. 



Problems. 




Problem i. 

Given an arc of a circle^ to find the centre of the circle 
of which it is an arc. 

Let ABC be the arc. 

Construction. Draw any two 
chords AB^ BC^ and bisect them 
at right angles by straight lines 
ON, OM, intersecting at O (i. 3, 2). 
O shall be the centre required. 

Proof For NO is the locus of points equidistant from 
A and B, and therefore AO^BO. 

Similarly, MO is the locus of points equidistant from B 
and C; therefore O is equidistant from A, B and C. 

Hence, the circle described with centre O and radius 
equal to one of these three lines, will pass through the 
other two, and having three points coinciding with the 
given circular arc, must coincide with it throughout 

Problem 2. 
To draw a tangent to a circle from a given point. 
There will be two cases. 

First, let the given point A be on the circumference. 
Let O be the centre. 
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Qmstrudion. Join OAy and draw AT zX right angles 
to OA (i. 2). 





Proof, Then ^T^is a tangent by Th. 7. 

Secondly, let -4 be outside the circle. 

Construction, On OA as diameter describe a circle, 
cutting the given circle in Tand 7". Join AT^ AT\ these 
shall be tangents from A, 

Proof. For join OT, OT. Then since ^TT? is a 
semicircle, the angle A TO is a right angle (11. 5, 2). 
That is, -^^T* or -/47" is at right angles to the radius to 
the point where it meets the circumference, and therefore 
ATzxid AT^ 3xe tangents. 

It may easily be proved tliat AT=AT\ 

Problem 3. 

To cut from any circle a segment which shctll be capable 
of a given angle. 

Let ABC he the circle, D the given angle. 

Construction. Take any point A on the circumference. 

Draw AT the tangent at A (11. 2); and make an angle 
TAE at A equal to the angle 2? (i. 5, Cor. 2). 
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Then shall AE be the chord of the segment required. 





Proof. For the angle in the segment alternate to TAE 
is equal to the angle TAE^ that is, is equal to Z>. 

Problem 4. 

On a given straight line to describe a segment of a circle 
containing an angle eqtial to a given angle. 

Let AB be the given line, C the given angle. 





Construction. At the point A make an angle BAD 
equal to the angle C (i. 5, Cor. 2). 

Then if a circle be described to touch AD in Ay and 
to pass through B^ the segment of that circle alternate to 
BAD will be. the segment required. 
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To find the centre of this circle, draw AO zX. right 
angles to AD : then AO is the locus of the centres of all 
circles which touch AJD at A. 

And bisect AB at right angles by the line £0; then 
£Oisihe locus of the centres of circles which pass through 
A and B. 

Therefore O, the point of intersection of these lines, 
is the centre of the circle required. 

With centre O and radius OA or OB describe a circle, 
which will touch AI> at A and pass through B, and there- 
fore the segment AFB contains an angle equal to the angle 
BAD, that is to the given angle C. 

Problem 5. 

To draw a common tangent to two given circles. 

Let the centres of the circles be O, 0\ 

Construction. With centre O and radius equal to the 
sum or difiference of the radii of the given circles, describe 
a circle, as in the figures. 
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From O draw a tangent to this circle, touching it in P. 
Join O'P^ and let it, produced through P if necessary, meet 
the circumference of the circle whose centre is O' in the 
point Q. Through O draw OR parallel to PQ, and join 
QR, QR will be a tangent to both circles. 

Proof, Since PQ is by the construction equal and par- 
allel to OR, therefore RQ is parallel to OP, But OP is 
at right angles to ffP^ since it touches the circle in Py and 
therefore RQ is at right angles to OR and 0Q\ and there- 
fore touches both circles. 

Cor. I. When the circles are wholly outside one another y 
they have four common tangents : when they touch externally y 
they have three common tangents: when they intersect one 
another y they have two common tangents : when tJiey touch 
internally y they have one common tangetit: and when one of 
the circles is wholly inside the other^ they have no common 
tangent. 

Cor. 2. By symmetry with respect to 00\ pairs of 
the common tangents will intersect on that line. 



Problem 6. 

To find the locus of the centres of circles which touch tivo 
given straight lines. 

Let AOBy COD be the two given straight lines, in- 
tersecting one another in O, 

Let P be the centre of a circle which touches both the 
lines, PNy PM the perpendiculars from P on DOC and 
A OB. 
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Then PN^PMy and if OP be joined, since the tri- 
angles ONPy OMP are right angled at -A^and Jf, have the 




hypothenuse OP common, and have one side /W- one 
side PMy being radii of the same circle; therefore the 
triangles are equal in all respects, and the angle PON 
- the angle POM, that is OP bisects the angle CCfB. 

Therefore the centres lie on the bisectors of the angles 
between the given lines ; and these bisectors are therefore 
the locus required. 

Cor. I. // is obvious thai these bisectors form two 
straight lines at right angles to one afiother. 

Cor. 2. If the given lines are parallel, the locus is a 
line parallel to both and equidistant from them. 

Problem 7. 

To describe a circle to touch three given straight lines of 
indefinite lengthy 
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Let the three given lines intersect in A, By and C 




Then since the circle required is to touch the lines that 
intersect in A^ its centre must lie on one of the bisectors 
of the angles at A, Similarly, it must lie on one of the 
bisectors of the angles at B, Therefore the construction is 
suggested. 

Construction, Draw the bisectors of the angles at A 
and By which will intersect in four points Oy O^y (?,, O,. 

These will be the centres of the circles required, and a 
circle described with any one of these points as centre, 
to touch one of the given lines, will touch the other 
two. 

Cor. I. It follows that COO^ and O^CO^ are straight 
linesy that isy the six bisectors of the interior and exterior 
angles of a triangle intersect one another three and three in 
four points. 

Cor. 2. If two of the lines are parallely only two circles 
can be described to touch the three lines. 

Cor. 3. If all t?ie lines are parallel y no circle can be 
described to touch them aU, 
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SECTION V. 

Regular Polygons. 

One of the most interesting species of problem con- 
nected with the circle consists in describing regular poly- 
gons, and inscribing them in, or circumscribing them 
about given circles. 

We shall first establish the following theorems. 

Theorem 12. 

If from the centre of a circle radii are drawn to make 
equal angles with one another consecutively all rounds then if 
their extremities are joined consecutively ^ a regular polygon 
will he inscribed in the circle^ and if at their extremities^ 
tangents are drawn^ a regular polygon will be circumscribed 
to the circle. 

Let OA, OB, OC, on ,.. be 

radii making equal angles consecu- 
tively to one another, 

(i) Join AB,BC, CJD ,,. 

Then since the angles at O are 
equal, the chords which subtend 
them are equal (11. i), and therefore 
the inscribed polygon is equilateral. 

And since the arcs AB, BC, CD,,, are equal j there- 
fore the arc AC^ arc BD, and therefore the angle ABC 
in the segment ABC=^ the angle BCD in the segment 
BCD] that is, the polygon is equiangular. 

Hence ABCD ... will be a regular polygon inscribed in 
the circle. 
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(2) Draw tangents 2it A, B^ Cj D ... meeting one 
another m F, Q, R .,. 

Join PO, QO. 

Since AP^PB, the line PO bisects the angle AOB^ 
and similarly QO bisects the angle BOC. Therefore the 
angle POB^^ihe angle QOB, and hence PB = BQ from 
the triangles POB, QOB. 

Therefore QP is double of QB ; and similarly QP is 
double of QC 

But QB--QC; and therefore QP'^QP; and thus it 
may be shewn that the polygon is equilateral. 

And since the angles APB, BQC. are supplementary 
to the angles AOB^ BOC... they are equal to one 
another. 

That is, the polygon is equiangular; and since PQ, 
QP ... are tangents, PQP ... will be a regular polygon cir- 
cumscribed to the circle. 

Theorem 13. 

In a regular polygon the bisectors of the angles intersect 
in one point, which is the centre of the circles inscribed in the 
polygon, or circumscribed about it. 

Let ABODE ... be a regular polygon. 

Bisect the angles B^ C hy \ 

straight lines meeting in O. 

Join OD, OE... 

Since BO, CO are bisectors of 

the equal angles ABC, BCDy there- _ ^ 

fore the angle OBC = the angle ^0,0 

OCB; and therefore OB^ OC. 

And because in the triangles OCB^ OCD, the angle 
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OCB = OCDj and the sides which contain these equal 
angles are equal to one another, each to each, therefore 
OD^OB, and ODC=OBC. But C^^Cis half of ^^C, 
that is of CDE^ since the polygon is equiangular. Therefore 
ODC is half of CDE^ and therefore OD bisects the angle 
CDE. 

In the same manner it may be shewn that OE —OC^ 
and bisects the angle at E. Hence O is the centre of the 
circle circumscribed about the polygon, of which OB is the 
radius. 

And because AB^ BC^ CD .,. are equal chords in this 
circle, of which O is the centre, therefore the perpendiculars 
OPi OQy OR on those chords are all equal ; and a circle 
described with centre O and radius OF will pass through 
Q, R ... and touch AB^ BQ CD ... in the points 
B, Q, R .., That is O is the centre of the inscribed circle 
of which OB is the radius. 



Problem 8. 

To construct a regular polygon of four, eight, sixteen ... 
sides, and inscribe them in, or describe them about a given 
circle. 

Take O the centre of the given 
circle, and draw through it two 
diameters at right angles to one 
another, meeting the circumference 
in Ay By CyD'y then by Theorem 
12, if ABy BC ... be joined, we get 
a regular inscribed polygon of four 
sides ; and if tangents be drawn at 
Ay By C and Z>, we get a regular 
circumscribed polygon of four sides, that is a square, 
w. G. 
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To describe an octagon, bisect (by Part I. Prob. t) the 
angles AOB, BOQ COD, DO A by lines meeting the 
circle in E^ F, G^ H\ then A, E^ B, F... are the angular 
points of a. regular inscribed octagon, or the points of con- 
tact of the sides of a regular circumscribed octagon. 

Similarly, by again bisecting the angles at O, a regular 
jsixteen-sided polygon may be constructed; and hence 
a thirty-two-sided figure, and so generally a polygon of 
2** sides, may be constructed, when n is any integer greater 
than I. 

Problem 9. 

To construct regular polygons of three^ six, twelve . . . sides^ 
and inscribe them in, or describe them about a given circle. 

Let O be the centre of the circle. On OA, one of the 
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radii, make an equilateral triangle AOP^ and take AOB, 
double of the angle A OP, 

Then since each angle of an equilateral triangle is one- 
third of two right angles ; therefore its double is one-third 
of four right angles ; and therefore two other equal angles 
BOC, CO A will fill up the space round O. 

Hence the angles at O being equal. A, B, C are the 
angular points of a regular inscribed polygon of three 
sidej 



;s. 
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As before, by bisecting the angles at O we obtain' the 
angular points of the regular hexagon; and by bisecting 
these angles we obtain the dodecagon ; and so generally a 
regular polygon of 3 x 2" sides may be constructed, where 
n may have any integral value, including zero. 

The Theorems at present proved do not enable the 
student to construct any regular polygons except those 
included in the foregoing problems. 

Hereafter we shall shew that a regular pentagon can 
be described, and by means of it the decagon, quindecagoi^ 



Theorem 14. 

The area of a circle is equal to half the rectangle contained 
by the radius and a straight line equal to the circumference. 

Let C be the centre of a circle DBF. And let AB 
be the side of a polygon described about the circle, CD a 
radius drawn to the point of contact 




Then the triangle ABC= \ the rectangle contained by 
CD and AB. 

And since the whole polygon can be divided into trian- 
gles by lines drawn from the angular points to the centre, 

12 
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The area of the polygon = i the rectangle contained by 
the radius of the circle and perimeter of the polygon. 

Now this is trae whatever may be the number of sides 
of the polygon. 

But by perpetually increasing the number of sides of the 
polygon, that polygon approaches nearer and nearer to the 
circle. 

So finally the area of the circle = J rectangle contained 
by radius and circumference. 

Remark, This will give the area of the circle when we 
know the lengths of the radius and the circumference. The 
length of the latter cannot be found by the use of the rule 
and compasses. But if we added to our mathematical in- 
struments a cylinder that might be rolled on the paper, or 
a tape that might be unrolled from a cylinder, we should 
have that length at once, and consequently the area. 
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1. Prove that the two tangents drawn to a circle from 
any external point are equal. 

2. If from a point without a circle two tangents AB, 
A C are drawn, the chord of contact BC will be bisected at 
right angles by the line from A to the centre. 

3. If a circle is inscribed in a right-angled triangle, the 
excess of the two sides over the hypothenuse is equal to 
the diameter of the circle. 

4. If a quadrilateral figure be described about a circle, 
the sums of the opposite sides will be equal to one 
another. 

5. If a six-sided figure be circumscribed about a circle, 
the sums of the alternate sides will be equaL 

6. If a quadrilateral figure be described about a circle, 
the angles subtended at the centre by any two opposite 
sides are together equal to two right angles. 

7. AOBy COD are two chords of a circle at right 
angles to one another; prove that the squares of OA^ OB, 
OC, and OD^ are together equal to the square of the 
diameter. 
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8. The chord AB is produced both ways equally to 
C, Z>, and tangents CE^ DF^ drawn on opposite sides of 
CDy shew that ^7^ bisects AB, 

9. Two circles touch one another in A^ and have a 
common tangent BC. Shew that the angle BA C is a right 
angle. 

10. Describe (when possible) a circle of given radius to 
touch (i) two given lines, (2) two given circles. 

11. Describe a circle to touch a given line in a given 
point, and pass through another given point. 

12. Describe a circle to touch a given circle in a given 
point, and to pass through another given point. 

13. Find the following loci : — ^the vertices of triangles 
on the same base, having a given vertical angle. 

14. Of the point of intersection of the lines which 
bisect the angles at the base of such triangles. 

(Prove that the angle between each pair of intersectors 
is the same.) 

15. Of a point at which a given straight line subtends 
a given angle. 

16. Of the points of bisection of parallel chords in a 
circle. 

17. Of the points of bisection of equal chords in a 
circle. 

.18. Of points from which the tangent to a given circle 
has a given length. 

19. Of the vertices of right-angled triapgles on a given 
base. 
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20. Of the centres of all circles which touch a given 
line in a given point 

21. Of the centres of circles which touch a given circle 
in a given point. 

22. Of the centres of circles of given radius which pass 
through a given point. 

23. Of the middle point of a line drawn from a given 
point to meet a given circle. 

24. Shew that the inscribed equilateral triangle is one- 
fourth of the circumscribed equilateral triangle. 

25. A ladder slips down a wall : find the locus of its 
middle point 

26. If from two fixed points in the circumference of 
a circle two lines are drawn to intercept a given arc, the 
locus of their intersections is a circle. 

27. Two chords of a circle which do not bisect each 
other do not pass through the centre. 

28. Circles which cut one another cannot have the 
same centre. 

29. Two shillings are moved in the comer of a box 
so that each always touches one side, and they touch one 
another; find the locus of the point of contact. 

30. Two circles cut one another, and lines are drawn 
through the points of section, and terminated by the cir- 
cumferences; shew that the chords which join the ex- 
tremities of these lines are parallel. 

31. Two equal circles intersect in A and By and 
any line BCD is drawn to cut both circles. Prove that 

AC^AD. 
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32. Two equal dxcdes mtexsect xslA^B) a tiixrd drde 
is drawn^ with, centre A. and any' mdiiis less t&m .^^^^ 
meffting the circles xtl Cy D^ qd. the azme s&i& of AB. 
Prove that B^ C^ j^ lie in one straight line. 

33. ACDy ADB are two segments of cxrdes oa tiie 
ssm[ie base AB ; tike any point C on the segment ACBy 
and join Cdf, CB^ and produce than if necessaiy to meet 
ADB iaD^ £* Siew that the aic I?£ is constanL 

54. If two cirdes cot each oth^ and from either point 
€i intarsectLon diametos be drawn,, the esiiremities of these 
diameters and the oths: point of intorsectioa sbaR be in die 
same strai^it line. 

2^. If a strai^it line be drawn to touch a circle and 
parallel to a chord, die point of contact will bisect die arc 
cot aShj that chc^d* 

36. Perpendiculars AD^ CE are let &]1 frocn the 
angles A, C dE the trmigle ABC on the q;>poate sides. 
ProTe diat die angle A C£ is equal to the angle AJD£, 

37- Two cirdes intersect in A^ By and tangents AC^ 
AD are drawn to each circle^ meedng circumferences in 
C, 2>, prove that BC, BD make equal angles with BA. 

3& K one of two intersecting circles pass duroogh the 
centre of the other, prove that the tangent to the first at 
the point of intersection, and the common chord, make 
equal angles with the radius to that point from the centre 
of the second. 

39. Given base, aldtude, and verdcal angle, construct 
the trian^e. 

40. To draw a line . from a given point such that die 
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perpendicular on it from a given point shall have a given 
length* 

41. In a ^ven straight line to find a point at which a 
given straight line subtends a given angle. 

42. Describe a circle to touch a given circle, and touch 
a given line in a given point 

43. Describe a circle of given radius to touch a given 
line, and have its centre on another given line. 

44. Find a point in a given chord produced of a 
circle, from which the tangent to the circle shall have a 
given length. 

45. With a given radius describe a circle touching two 
given circles. 

46. Describe a triangle, having given the vertical angle 
and the s^ments of the base made by the line bisecting 
the vertical angle. 

47. Given base, altitude, and radius of circumscribed 
circle, construct the triangle. 

48. The triangle contained by the two tangents to a 
circle from any point and any other tangent that meet them 
has its perimeter double of either of the two tangents. 
Prove this; and apply it to construct a triangle, having 
given the vertical angle, perimeter, and altitude. 

49. Given the perimeter, the vertical angle, and the 
line bisecting the vertical angle, construct the triangle. 

50. If two of the external angles of a triangle and one 
internal angle are bisected, prove that the three bisectors 
intersect in one point 
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51. The three perpendiculars to the sides of a triangle 
drawn through their middle points meet in one point 

52. The three lines which join the angles of a triangle 
to the middle points of the opposite sides intersect in one 
point 

53. If two circles touch one another, the lines which 
join the extremities of parallel diameters towards opposite 
parts will intersect in the point of contact 

54. The circles described on. the sides of a triangle 
as diameters intersect in the sides, or sides produced, of 
the triangle. 

55. Equilateral triangles are described on the sides 
of a triangle ; prove that the circles described about those 
triangles pass through one point. 

56. If tangents be drawn at the extremities of any 
two diameters of a circle, the sttaight lines joining the 
opposite points of intersection will both pass through the 
centre. 

57. The four common tangents to two circles which do 
not meet one another intersect, two and two, on the straight 
line which joins the centres of the circles. 

58. Given the altitude, the bisector of the vertical angle, 
and the bisector of the base, to construct the triangle. 

59. Draw circles to touch one side of a given triangle 
and the other two sides produced, 

60. Draw a figure of a triangle with its inscribed, cir- 
cumscribed, and escribed circles. 

61. If a triangle is equilateral, shew that the radii of 
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the inscribed, and circumscribed, and an escribed circl^ are 
to one another as i^ 2, 3. 

62. If circles are described with the vertices of a tri- 
angle as centres, and so as to pass through the points of 
contact of the inscribed circle with the adjacent sides, these 
three circles will touch one another. 

63. Place a straight line of given length in a circle so 
that it shall be parallel to a given diameter of the circle. 

64. Place (when possible) a straight line of given 
length in a circle so that it shall pass through a given point 
within or without the circle. 

65. Given three points describe circles from them as 
centres so that each may touch the other two. 

66. On the side of any triangle equilateral triangles are 
described externally, and their vertices joined to the opposite 
vertices of the given triangle, shew that the joining lines pass 
through one point. 

67. O is the centre of the circle inscribed in the tri- 
angle ABC, which touches ^^, ^C in C, B'\\iAO cuts 
the circle in -P, and AO produced in 7^, shew that -P, P* 
are the centres of the inscribed and escribed circles of the 
triangle ABC. 

68. Shew that a triangle is equal to the rectangle con- 
tained by its semi-perimeter and the radius of the inscribed 
circle. 

69. Of all the rectangles inscribable in a circle, shew 
that a square is the greatest 

70. If a quadrilateral figure can be described about a 
circle, shew that the sums of its opposite sid^s are equal. 
Can a circle be inscribed in (i) a rectangle, (2) a parallelo- 
gram, (3) a rhombus ? 
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71. Shew that the inscribed hexagon is three-fourths of 
the circumscribed hexagon. 

72. Shew that the six segments into which the points 
of contact of the escribed circles of a triangle divide the 
sides, may be arranged in three pairs of equal segments. 

73. Inscribe an octagon in a given circle. 

74. Describe a circle (i) to touch three given lines; 
(2) to intercept equal chords of any given length on three 
given straight lines. 

In how many ways may each of these problems be 
solved ? X 

75. At any point in the circumference of the circle 
circumscribing a square, shew that one of the sides subtends 
an angle three times as great as the others. 

76. Find the locus of points at which two sides of 
a square subtend equal angles. 

77. Find the locus of points at which three sides of 
a square subtend equal angles. 

78. If four straight lines intersect one another so as 
to form four triangles, prove that the four circumscribing 
circles will pass through one point 

79. Of all triangles inscribable in a circle the greatest 
is the equilateral. Extend this to the case of a polygon of 
any number of sides. 

80. A straight line is divided into any two parts in C, 
and ADC, CEB are equilateral triangles on the same 
side of AB. Find the locus of the intersection of AE 
and BD. 



BOOK III. PROPORTION. 



INTRODUCTION. 



MEASURES. 



A measure of a line is any line which is contained in it 
an exact number of times. Thus an inch is a measure of a 
foot ; and a yard is a measure of a mile. So too the mea- 
sure of an area is any area which is contained an exact 
number of times in it A square inch is thus a measure of 
a square yard. A measure is therefore an aliquot part of any 
magnitude which it measures. The length of a line, the 
extent of an area, or any other magnitude, is completely 
known when we know a measure of it, and how many times 
it contains tliat measure. 

In measuring any magnitude we take some standard to 
measure by. Thus in measuring length we take a yard, 
or a foot, of an inch. In measuring solids we take a cubic 
inch, a cubic foot, or the like. The standard so taken is 
called the unit. It may be a precise measure of the magni- 
tude measured, or it may not The number, whether whole 
or fractional, which expresses how many times a magnitude 
contains a certain unit is called the numerical value of that 
magnitude in terms of that unit Thus in speaking of a 
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line as 7 yards long, a yard is the unit of length, and the 
numerical value of the line in terms of that unit is 7. 

Two lines or magnitudes of the same kind are said to 
have a common measure when there exists a unit of which 
they can both be. expressed as multiples. Thus 15 inches 
and 1 foot have a common measure, for with the unit 
3 inches, their numerical values would be 5 and 4; and 
with the unit i inch their numerical values would be 15 
and 12. All whole numbers have imity as a common 
measure. 

The following problem gives a method of finding the 
greatest common measure of two magnitudes, if any com- 
mon measure exists. 



Problem; 

To find the greatest common measure of two magnitudes ^ if 
they have a common measure. 

Let AB and CD be the two magnitudes. From AB 

E F H _ 



A. 



C Q D 

the greater cut off parts, AE, EF,,. each equal to CD the 
less, leaving a remainder FB which is less than CD, 

From CD cut off parts, CG^.^y equal to FB^ leaving a 
remainder GD less than FB. 

From FB cut off parts FH, HB,., equal to GD : and 
continue this process until a remainder GD is found which 
is contained an exact number of times in the previous re- 
mainder, so that no further remainder is left. The last re- 
mainder is then the greatest common measure. 
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For, firstly, since GD measures FB^ it also measures 
CG ; and therefore measures CD, But CD « AE and EF\ 
and therefore GD measures AE^ EF and FB ; that is it 
measures AB. Hence GD is a common measure of AB 
and CD. 

And again, since every measure of CD and AB must 
measure AF^ it must measure ir!5 or CG^ and therefore also 
GD : hence the common measure cannot be greater than 
GD ; that is GD is the greatest common measure. 

So also, in the figure adjoining, the first remainder is 

E F G IL 

A ' ' ' H--5 



GB ; the second HD ; the third 1B\ the fourth KD, which 
is contained exactly twice in IB, Hence KD is the great- 
est common measure, and it will be seen to be contained 
twice in IBy and therefore five times in HD^ seven times in 
GBy 12 times in CD^ and 43 times in AB, 

Hence AB and CD have as their numerical values 43 
and 12 in terms of the unit KD, 

Cor. Every measure of KD is a common measure of 
AB and CD, 

When magnitudes have a common measure they are 
called commensurable. But it is very frequently the case in 
Geometrical figures, that lines and other magnitudes have no 
common measure; the process above given continuing 
indefinitely; the remainder becoming smaller at each step 
of the process but never actually disappearing. In this case 
the lines are said to be incommensurable. 

The following theorem will serve to illustrate incommen- 
surable magnitudes. 
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Theorem i. 

To prove thai the side and diagonal of a square are incom- 
mensurable. , 

Let A BCD be a square : A C the 
diagonaL 

Then will A C and AB be incom- 
mensurable. 

For since -^ C is > AB and < 
twice ABy cut oflf a part AE = AB. 
Then the common measure oi AC 
and ABy is also a common measure 
of EC and AB, or oi EC and BC. 

Draw EF at right angles to ^ C to meet BC in i^ : and 
join AF. Then in the right-angled triangles ABF, AEF 
the hypothenuse and one side AB = the hypothenuse and 
one side AE, and therefore BF^ FE. 

And in the triangle FECy since -fi^ is a right angle, and 
ECFhBlf a right angle, therefore EFC is half a right angle, 
and therefore FE = EC. Therefore EC= BF 

.Hence the common measure of EC and ^Cis also a 
common measure of EC and FC 

But EC and FC are the side and diagonal of a square 
smaller than AB CD; and similarly the common measure 
of EC and FC can be shewn to be also the common 
measure of the side and diagonal of a still smaller square ; 
and so on, till the side and diagonal become as small as 
we please. 

Hence it is evident that we shall never find a common 
measure of AC and BC. For the original relation of side 
and diagonal is perpetually reproduced, and we are per- 
petually brought back to the problem with which we started. 
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The remainder becomes smaller at every step but never 
actually disappears. There is therefore no common measure 
of ^C and BC\ that is, they are incommensurable. 

Ratio. 

When two magnitudes of the same kind are considered 
we can compare them with one another, and form a notion 
of their relative magnitudes : we do this instinctively, and 
antecedently to all geometrical teaching. To express the 
notion thus formed we must ascertain how many times the 
one contains the other, or some aliquot part of the other. 
Thus if one line contains another 7 times, the one line has 
the same relative magnitude to the other that the number 7 
has to the number i ; and if one line contains the sth part 
of another 8 times, the one has to the other the same 
relative magnitude that 8 has to 5. 

This relation of njagnitude is called ratio. 

It follows from the notion of relative magnitude that 
the ratio of two magnitudes is the same as that of their nu- 
merical values in terms of the same unit And if two 
magnitudes have the same numerical values in terms of 
different units, their ratio is the same as that of their units. 

Thus the ratios of the lines whose Greatest Common 
Measures were ascertained above, are the ratios of 12 to 5 
and 43 to 12 respectively. Again the ratio of 7 weeks to 
7 days is that of a week to a day. 

The fact is that all number is but a kind of ratio. 

We are taught in arithmetic to distinguish between 
concrete and abstract quantities. Concrete quantities are 
really existing things: abstract quantities are the means 
that we use to express the concrete. Seven shillings, five 
horses, three acres are concrete quantities: seven^ five, three 
w. G. K 
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are abstract quantities. The difference is most clearly seen 
in multiplication. You cannot multiply by a concrete 
quantity; a multiplier must be abstract You cannot 
multiply seven- shillings by six shillings, nor five days by 
three weeks, nor twelve miles by ten cats. Now abstract 
quantities and ratios are precisely the same things. We use 
the phrase " abstract quantity " when we are thinking of a 
quantity in itself; we use the word ^^ratio'^ when we are 
thinking of the relation of one quantity to another. The 
number seven considered in itself is called an abstract 
quantity, considered as expressing the relation of a week 
to a day, of a guinea to three shillings, of the number 42 
to the number 6, it is called a ratio. 

All numbers, therefore, as we said before, are ratios. 
But there is an important distinction between numbers and 
ratios ; and though all numbers are ratios, all ratios are not 
numbers. 

Numbers are essentially discontinuous, and therefore 
unsuited immediately to express the relations of magnitudes 
that change continuously. If a line 3 inches long is con- 
ceived as stretched till it becomes 4 inches long it passes 
continuously from one length to the other, but the arith- 
metical expression of the change is discontinuous, however 

I •** 

small a unit we take : if we take of an inch as the 

1000 

unit, the line is at first 3000, then 3001, 3002,. ..and finally 

4000 of these units, but we cannot arithmetically express all 

the values the line takes in passing from 3000 to 3001 \ that 

1 "^ 

is, all the ratios which its length has to of an inch. 

' 1000 

Here lies the fundamental difficulty in the application of 

arithmetic to Geometry. Arithmetic deals with numbers 

which are discontinuous. Geometry with ratios which are 
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continuous and only coincide with numbers at regular in* 
tervals. We may make those intervals as small as we please, 
but we cannot get rid of them. 

Two commensurable magnitudes have to one another a 
ratio which can be expressed in numbers. For if they 
contain their common measure m times and n times re- 
spectively, they have the same ratio as m to n. 

This is generally called the ratio of m to «, which i$ 

PI . . pt 1 •/. ^ ^ 

wntten m : n or —: i or more simply — : and if A, C are 

the magnitudes it is said that -7;= — or that A = ~ C, 
° C n n 

Incommensurable magnitudes have to one another a 
ratio, but they have not to one another the ratio of any 
two numbers however great For if they had the ratio 
oi p \q^ and the first were divided into p equal parts, the 
second would contain q of those parts ; and thus they would 
have a common measure, viz. one of these parts. 

But numbers can be found which express within any 
specified degree of accuracy the ratio of incommensurable 
magnitudes. 

For \iA and B be the magnitudes, and B is divided 
into n equal parts, there must be some number m^ such that 
A contains tn but not »« + 1 such parts ; therefore the ratio 

of -^ : i? is greater than — , but less than ; and these 

n n 

jth 

ratios differ only by - , which by increasing n may be made 

as small as we please. 

This conclusion may be difierently expressed thus ; that 
\i A and B are incommensurable, they may be made com- 
mensurable by adding to either of them a magnitude less 

K 2 
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than one which shall be as small as we please. For by 

jth 
adding to A a. quantity less than - of B, A thus increased 



would contain the «*^ part ofBm-^i times exactly. 

It follows from what has been said that the ratio of two 
magnitudes is the quantity of one in terms of the other. 

It is important to observe that since magnitude and 
ratio are both continuous, there is always a magnitude that 
has a given ratio to any given magnitude. 

Compound Ratio. 

When a magnitude is altered successively in two or more 
ratios it has to the final result a ratio wliich is compounded 
of the given ratios. 

Thus if »«:«,/: f be two ratios, and a magnitude A is 
first altered in the ratio m : «, and then the result altered in 
the ratio/ : ^, and the final result thus obtained is i?, then 
the ratio A : B is compounded of the ratio m \n^ p \ q] for 
the single alteration indicated by ratio A : B produces the 
joint efiect of the two alterations indicated by the ratio m : «, 
jfiq. 

This process is called the composition of ratios. It is 
plainly not necessary to suppose that A has been actually 
altered till it has become B, It is enough if ^ is what A 
would have become if so altered. 

When two equal ratios are compounded the ratio re- 
sulting from the composition is said to be the duplicate of 
the original ratio. When three equal ratios, the triplicate; 
and so on. 

It; is evident that different ratios cannot have the same 
duplicate or triplicate ratio. 
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The following theorem furnishes a valuable exercise on 
ratios. 



Theorem 2. 

If K and B he two fixed points in a straight line of inde- 
finite lengthy and P a moveable point in that line^ then the 
ratio of PA to PB may have any value, from o to infinity, 
and there are two and only two positions of P such that 
PA : PB = any given ratio. 

P P P P 

-T— — 1 1 1 1 ' *- 

A B 

The value infinity is represented by the s3anbol 00 . 

% 

Let O be the point of bisection of AB ; then if jP is at 

PA 
the ratio -^^= i. 

Conceive the point P to move to the right towards B, 

FA 

then the ratio -^^ continually increases until, when F ap- 

FB 

proaches indefinitely near to i? the ratio becomes infinite; 

and for intermediate positions it has passed continuously 

through every value between i and 00 , 

When F is at the right of B the ratio 

FA FB^AB AB 

FB FB "^^ FB' 

and is therefore greater than i. 

AB 
When FB is very small -^^ is very large, and as FB 

AB 
increases -p^ diminishes until it becomes indefinitely small, 
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PA 
and therefore -^^ becomes as nearly equal to i as we please, 

and has passed continuously through every value between 

00 and i. 

Hence for any assigned value of the ratio greater than 

1 there are two positions for -P, one between O and B^ and 
one to the right of B, 

PA 
Similarly as P moves from O to A^ — - passes through 

every value from i to o, and as it moves to the left of A it 
passes through every value from o to i, and therefore for 
every value of the ratio less than i there are two positions 
for -P, one between O and A^ and one to the left of A, 



Proportion. 
Def, Proportion consists in the equality of ratios. 

Four magnitudes are called proportionals^ or are in pro- 
portion, when the ist has the same ratio to the 2nd that the 
3rd has to the 4th. 

If Aj B, C, I> are the magnitudes in proportion, of 

which A and B are of the same kind, and C and P> of the 

same kind, this is expressed by the notation A :B :: C : JD, 

A C 
or by -^ = 7^ . A and D are called the extremes, and B 

and C the means. 

Def, The ist and 3rd terms are called homologous^ as 
occupying the same place as antecedent in the ratio ; so also 
are the 2nd and 4th, as consequent. 

The ratios of commensurable magnitudes may be ex- 
pressed numerically by their numerical values in terms of 



• 



III.] PROPORTION. 135 

their common measure; and in such cases it is easy to 
ascertain whether the proportion is true. But if the magni- 
tudes are incommensurable, their numerical values cannot 
be exactly expressed, and -yet the ratios may be exactly 
equal, as is shewn in the following Theorem, 



Theorem 3. 

If A, B, C, D be four magnitudes such that B and D always 
contain the same aliquot part of A and C respectively the same 
number of times, hmvever great the number of parts into which 
A and C are divided, then A : B :: C : D. 

For suppose A and B to be two magnitudes, and when 



A C 

B 2> 



D'^ 



A is divided into n equal parts, let B contain m, but not 
« + 1 of these parts. And let C and JD be two other 
magnitudes, such that when C is divided into n equal 
parts, I> contains m but not /« + i of these parts. 

If If is the 4th proportional to A, B, C, then If also 
must contain m but not (/« + i) of these parts. 

Now if If differed from D by any quantity however 
small, it would be possible by sufficiently increasing n to make 
the «* part of C still smaller than this quantity. And then 
when D contained this n^ part oi C m times but not m-^-i 
times. If would contain it either less than m or more than 
« + I times, according as If was less or greater than D, 
But then If would plainly not be the fourth proportional to 
A, B, and C. Therefore 2/ does not diflfer from I>, that 
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v& D-If and the four magnitudes Ay i?, (7, D are pro- 
portionals. 

This reasoning is frequently applicable In Geometry to 
prove that four magnitudes are proportionals, and is appli- 
cable alike to commensurable and incommensurable magni- 
tudes. 

CoR- I. Permutando. ^A, B, C, D are magnitudes of 
the same kindy and A. : B :: C : D, then /V A : C :: B : D. 

For suppose A and B to be two magnitudes, and when 

A C 

B D 

D' 



A IS divided into n equal parts, let B contain m, but not 
m-\-i oi these parts. And let C and D be two other 
magnitudes, such that when C is divided into n equal parts, 
D contains m but not m+i oi these parts. 

For let ly be the 4* proportional to A^ C, B, iso that 
A : C ::B iiy. Then the ratio of ^ to C is that of the 
«* part of A to the «* part of C, into which parts they 
were divided : and since B must have to 2/ the same ratio, 
B and Jff cannot contain a diflferent number of these «* 
parts respectively; so that since B contains m and not m+i 
of the n^ parts of A, D* must contain m and not /« + 1 of 
the «* parts of C, Now, precisely as before, if D differed 
from D by any quantity however small, it might be shewn, 
by increasing «, to contain the ii^ part of C either m—x ox 
m+i times, which is impossible. Thereifore If^D and 
A\C \\B \D. 

CoR- 2. Invertendo. If A^ B, C, D are in proportion 

B : A :. D : a 
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CoR- 3. Componendo. Also A -hB : B :: C + Z> :: D\ 
and Dividendo. A — B \ B :: C—D : D, 

Cor. 4. Ex sequali. 1{ A : B :: C : £> and B : E 
:: n : E; then A \ E w C \ F, 

For A \ E \% compounded of A : B and B : E, and 
C : Eis compounded of the ratio C : Z> and £> : i^ which 
are respectively equal to the ratios A : B and B : E. 

Cor. S. Addendo. If A :B v. A \ B :: A" : i?"; 

then ^ + ^'+^": B ^ B ^ B' v. A : i?. 

This follows from Cor. i and Cor. 3. 

Remark, All these derived proportions may be obtained 
by the following method : — 

(i) \i A and B are commensurable, and therefore also 
C and Z>, let them have as their numerical values «, by c, d 
respectively. 

Then since A : B :: C : Dy 

therefore y = -> and /. - = -y, 

a c a 

and therefore A \ C :: B : D, 

(2) If A and B are incommensurable, and therefore 
also C and -D, let B' and 2/ be taken differing from B and 

jth jth 

Z> by quantities less than — oi A and — of C respectively 

n n 

(see p. 132), so that A : B' \: C : If, 

Then by the first case A : C \\ B \ Bl. 

And since B and Z?' differ from B and Z> by quantities 
which may be made as small as we please, we infer that 

A \ C \: B X D. 



138 ELEMENTARY GEOMETRY, [Book; 



SECTION L 
Application of Proportion to Lines. 

Theorem 4. 

If two straight lines are cut by three parallel straight lines, 
the s^ments made on the one are in the same ratio as the 
segments made on the other. 




Let A, B, C be the three parallels, PQR, LMN any 
two lines intersected by them ; then shall 

PQ : QR :: LM : MN, 

For if PQ be divided into any number of equal parts, 
and through the points of division lines be drawn parallel 
to A or £^ LM will be divided by those lines into the same 
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number of equal parts, as may be proved by the metliods of 
Book I. And if from QR parts equal to those of FQ are 
cut off, and lines drawn through the points of division, 
parallel to B or C, it is clear that MN wXl contain the same 
number of parts each equal to those of LM^ that QR con- 
tains of those of FQ \ that is, QR and MN will contain the 
same aliquot parts of FQ and LM the same number of 
times, however great the number of parts into which FQ 
and LM 2JQ divided. 

Hence FQ : QR :: LM : MM 

Cor. I. It follows from the same reasoning that 

FQ : FR :: LM : LJV, 
and that QR : FR :: MJV : LN, 

and that FQ : LM :: QR : MJVy 

(by Th. 3. CoRS. 1, 2, 3). 

CoR. 2. Jf a line be drawn parallel to one side of a 
triangle^ it will cut the other sides or the otlier sides produced 
proportionally. 





CoR. 3. The converse of this corollary is true. That 
\^ if a line cuts two sides of a triangle, both internally or both 
externally, proportionally, the line shall be parallel to the base 
of the triangle. 
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For let AP : PB :: AQ : QC, and 

suppose PQ, not parallel to BC^ but let 
PQ[ be parallel if possible ; 

then AP \ PB :: AQ : QC, 

and therefore AQ : Q^ » ^Q[ • C^> 

which is impossible. 

Cor. 4. If any number of lines he parallel and be cut by 
other lines ^ the intercepts made on the latter by the parallels will 
be proportionals. 





Theorem 5. 

If a line bisect the vertical angle of a triangle and meet the 
base^ it will divide the base into two segments which have to one 
another the ratio of the sides of the triangle. 
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Let ABC be a triangle, BD the bisector of the angle 
ABC. 

Then will AD : DC :: AB : BC. 

Draw CE parallel to BD to meet AB produced. 

Then by parallelism the angle BCE=^Xht angle DBC, 
and the angle BEC^tht angle ABD. But ABD = Z^^C, 
and therefore the angle i?Cl£ = the angle BEC\ and there- 
fore -5^=^(7. 

But because AE^ AC axe cut by the parallels DB, CE; 
therefore AD : DC :: AB : BE, 

that is, AD : DC ;: AB ; BC. 

Cor. !• Conversefy, if AD : Z>C ;; -4i? ; BC, thefi 
BD is the bisector of the angle ABC, 

For there is only one internal bisector of the angle, and 
only one point D which divides the base internally, so that 

. AD : DC :: AB : BC 




Cor. 2, If BLf bisects the exterior ar^le, 2/, then also 
ADf : nC :: AB : BC. 

Draw CE parallel to BD^, as before: and apply the 
same method of proof. 
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Cor. 3. If AB = BC, then the ratio of AD' : D'C ^<?- 
comes^i^ which indicates that T/ is at an infinite distance 
{by Theorem 2). Hence the externcU bisector of the vertical 
angle of an isosceles triangle is parallel to the base. 

Cor. 4. If^ moves so that the ratio AB : BC is con- 
stant^ the bisectors of the interior and exterior armies will 
always pass through the fixed points D, D' which divide AC 
internally and externally in that ratio. 

Cor. 5. Hence the locus of Bis a circle described on DD' 
as diameter. For the angle DBD' is a right angle; and there- 
fore the semicircle on DD' will always pc^s through B. 




Drf. Similar figures are such that the angles of the 
one are respectively equal to the angles of the other, and 
have the sides about the equal angles proportionals. 



Theorem 6. 

If two triangles have two angles of the one equal respectively 
to two angles of the other, the triangles shall be similar, the 
sides which are opposite the equal angles being homologous. 

Let ABC^ DEF be the two triangles, which have tw» 
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angles of the one equal to two angles of the other, and 
therefore have also their remaining angles equal. 





Then shall they be similar, that is 

AB : BC :; JDE : EF, 
and BC: CA :; EF : FD, 

and CA : AB :: FD : Z>E. 

Conceive the angle E placed on the angle B ; then F 
and £> would fall as F' and jD' on BC and BA, or on those 
lines produced: and because the ^ i^=the ^ C, therefore 
F'ly is parallel to CA ; 

and therefore BF' : BC :: BD : BA, 
and therefore BF* : BD :: BC : ^-4, 
that is EF : ^Z) :: BC : ^^. 

Similarly by placing F on (7, and D on -^, the other 
proportions are obtained; and therefore the triangles are 
similar. 

This theorem is a generalization of Theorem iS in 
Book I. If two angles and a side of one triangle are respectively 
equal to two angles and the corresponding side of atwther 
triangle^ these triangles will be equal in all respects* 
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Hence it will be observed that the equality of the angles 
involves the similarity of the triangles ; and the additional 
equality of a pair of corresponding sides involves the 
identity of the triangles. 



Theorem 7. 

If two triangles have one angle of the one equal to one 
angle of the other ^ and the sides about the equal angles propor- 
tionals^ then will the triangles be similar. 

Let the triangles ABC^ DEF have the angles at B and 
5 




E equal, and let BA \BC v, ED : EF^ then will the trian- 
gles be similar. 

Conceive the angle E placed on the equal angle B^ then 
D and i^ will fall as at If and F on the sides BA^ BCy 
and since BA : BC :: ED : EF, 

therefore BA : BD^ :: BC : BF", 

and therefore D^F' is parallel Xo AC^ Th. 4. CoR. 3. 

and the angles BD^F' and BFD^, that is, D and F, are 
equal respectively to the angles A and C, Hence the trian- 
gles are equiangular and therefore similar. 

It will be observed that this theorem is a generalization 
of Book I. Theorem 16. If two sides and the included angle 
of one triangle are respectively equal to two sides and the included 
angle of another ^ the triangles will be equal in all respects. 
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Theorem 8. 

If the sides about each of the angles of two triangles are 
proportionals^ the triangles will be similar. 

Let ABCy DBF be two triangles which have their sides 
A. 

J) 





or 

about each of their angles proportional, 

that is, . AB : BC :: DE : EF^ 

and BC ; CA :: EF \ FD, 

and CA : AB :: FD : DE. 

Conceive a triangle equiangular to ABC applied to EF, 
on the opposite side of the base EF, so that the angles 
FEG, EFG are equal to B and C respectively. 

Then the triangle GEF is equiangular to ABC^ and 
therefore similar to it, 

and therefore GE : EF :: AB : BC, 

but AB : BC :: DE : EF, 

and therefore GE : EF :: DE : EF, 

and therefore GE = ^Z>. 

Similarly GF^ DF, 

and the triangle DBF is therefore equiangular to GEF, and 
therefore also to ABC. 

w. G. L 
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Therefore the triangle DBF is similar to the triangle 
ABC. 

This dieorem is a generalization of Book i. Theorem 18. 
If the three sides of one triangle are respectively equal to the 
thru sides of another^ these triangles will be equal in all respects. 



Theorem 9. 

If two triangles have the sides about an angle of the one 
triangle proportional to the sides about an angle of the other ^ and 
have also the angle opposite that which is not the less of the two 
sides of the one equal to the corresponding angle of the other ^ 
these triangles will be similar. 

Let ABC, DEFhQ the two triangles, in which 

BA\AC\\ED\DF, 





and let ^ C be not less than AB^ and DF therefore not less 
than DEy and also- let the angle j9 = the angle E. 
Then shall the triangles be similar. 

Cut oflf BD ^ED^ and draw to BC an oblique DF 
parallel to ^C 
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Then by similar triangles BDF and BACy 

BD xDr v,BA\AC, 

ED\]yFv,BA :AC, 

ED\DF :\BA :AC, 

DF^jyF', 

and since DF\% not less than DE^ the two triangles ^2/i^', 
EDFzxQ equal in all respects by Book i. Theorem 19, that is, 
the triangle EDF is equiangular to the triangle BjyF\ 
and therefore also the triangle EDF is equiangular to ABC, 
and therefore similar to ABC. 

This theorem is a generalization of Book i. Theorem 20. 



that is, 

but 

therefore 



Theorem 10. 

Similar polygons can he divided itiio the same number of 
similar triangles. 





Let ABCDE, FQRSTht similar polygons, that is, let 
the angles A, B,C... of the one equal the angles F, Q, F... 
of the other respectively, and let the sides which contain 
the equal angles be proportional. 

L 2 
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Then the triangles CADy BAC have two angles CAD 
and CD A of the one equal respectively to BAC^ BCA of 
the other ; therefore they are equiangular, and similar. 

In the same manner DCB is equiangular and similar to 
either/?^ Cor CAB. 

Cor. ad : DC :: DC : DB, 

or the perpendicular from the right angle of a right-an^ed 
triangle on the hypothenuse is a mean proportional between 
the segments of the base. 

Also BA '. AC :\ AC : ADy 

and AB : BC :: BC : BD, 

or the side of a right-angled triangle is a mean proportional 
between the hypothenuse and the projection on it of that side. 



Ex. 2. The three lines drawn from the angular poinis of 
a triangle to bisect the opposite sides will intersect in one point. 




Let ABC be the triangle, A\ B'y C the middle points of 
its sides. Then AA\ BB'y CC will pass through one 
point. 



III.] EXAMPLES. I S I 

Join ffA\ Then since CA, CB are bisected in ff, A\ 
.\ CB' : B'A :: CA' : A'B, 
and therefore B'A' is parallel to AB, 

and because the triangles CAB, CffA' are similar, 
therefore AB : -ff'^' :: ^ C : .^C; 

but ^C= 2BC) and therefore ^^= 2^^', 

Now let AA' and ^-5* cut in ff. 

Then the triangles GAB, GA'B^ are equiangular, 
and therefore AG : G^-4' :: AB : ^y^'; 
but AB^2SA\ and therefore ^C?- 2 C^', 

or ff^'=S^X 

In the same manner it may be shewn that CC cuts A A' 
at a point distant \AA' from ^' j that is, CC passes through 
G the intersection of A A and BB. 



Ex. 3. -5^d5 quadrilateral figure he described about a circle, 
and the points of contact of opposite sides be joined, prove thai 
these lines and the diagonals of the quadrilateral f^re all 
intersect in one point. 

Let A BCD circumscribe the circle, P, Q, JR, S being the 
points of contact Let A C cut SQ in O, draw CQ parallel 
to^^- 

Since SQ is the chord of contact of the tangents AS, 
BQ, the angle ^^t7 = the angle BQO. 
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Therefore CQO is supplementary to ASO^ or OQCy 
and therefore Cq,0 = CQQ, and CQ « CQ. 

But from the triangles ASO, COQy which are similar, 
we get 

AO : C(9 :: AS : CC' or AS : CQ. 

Similarly, if -P^ intersected^ Cin OyAOxCOv. AP : CR\ 
but AP \CR\\AS\ CQ, and therefore AO\CO\\ACf i C(7, 
therefore 5^ and PR divide A Cm the same ratio, or O and 
O are the same points. Hence AC passes through the 
intersection of SQ, and PR. 

Similarly BD passes through the intersection of SQ and 
PR\ 

therefore the four lines A C, BD^ PR^ SQ pass through one 
point 
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SECTION 11. 



Areas. 



We have seen how lines are represented by numbers; a 
line being known when it contains a known unit a known 
number of times. We now proceed to the consideration of 
areas and their numerical representation. 

The fundamental theorem is the following : 



Theorem ii. 

Parailelcgrams of the same altitude are to one another as 
their bases. 

Let ABCDy PQRS be parallelograms of the same alti- 




tude on the bases AB, FQ. 

Then shall DABC be to SPQR as AB to PQ. 
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Divide AB into any number of parts AXy XY,,. and 
from PQ cut off parts equal to the parts of AB; and through 
X, K... the points of section let lines be drawn parallel to 
the sides of the parallelogram. 

Then the parallelograms £>X, BY,., into which DABC 
is divided are all equal to one another, and equal to those 
cut off from the parallelogram SPQR^ since they are on 
equal bases and of the same altitude ; and therefore DX 
is the same aliquot part of DABC that AX is of AB. 

Hence the parallelogram SPQR contains any aliquot 
part of DABC ^s many times as PQ contains the same ali- 
quot part of AB^ into however many parts AB and DB are 
divided. 

Therefore AB : PQ :: DABC : SPQB. 

Cor. I. Triangles of the same altitude are to one another 
as their bases. 

For a triangle is half the parallelogram on the same base 
and having the same altitude as the triangle. 

Cor. 2. If the unit of area he the square on the unit of 
lengthy then will the numerical value of a rectangle he the 
product of the numericcU values of its hase and altitude. 

For let ABCD be a rectangle, XY the unit of length, 




TL^ 



«r» 



A 
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and XZ the square oh -YKthe unit of area. And let AB 
contain XY m times, and AD contain it n times. 

Then will the numerical value oi ABCD be tnn. 

For construct a rectangle PQRS on a base equal XoXYy 
and with altitude equal to AD, 

Then DABC : PQRS :: ^^ : QR, 

:: m : I, 
that is, DABC= m . i'Q^^, 

and i'Ci?^ : ZX :: i'C : XY, 

that is, PQRS = n.ZX'y 

and therefore. DABC = mn,ZX, 

that is, if ZAT is the unit, the numerical value of DABC 
will be xw;^. 

This is generally expressed by saying that the area of a 
rectangle is the product of its base and altitude. 

Remark, If the rectangle is a square, whose side is w, 
the area will be m* : hence if AB is a line, or its numerical 
value, Aff represents either the geometrical square on 
the line, or the arithmetical square of the number which is 
the value of AB, And the rectangle contained by AB 
and CD may be written AB x CD; for the product of the 
numbers AB and CD is the number which represents the 
rectangle, on the understanding that the unit of area is the 
square of the unit of length. 

Cor. 3. Tke area of any paraHelogram is the product of 
its base into its altitude. 
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Cor. 4. The area of any triangle is half the product of its 
base and. its altitude. 

Cor. 5. Hence the area of any rectilinecU figure can he 
found by dividing it into triangles^ and finding the areas of the 
triangles. 



Theorem 12. 

Equiangular parallelograms have to one another the ratio 
compounded of the rcttios of their sides. 

Let ABCD, EBFG be the 

parallelograms, and let them be /"■ T 7 

placed so as to have AB^ BE L ^ -^^ 

in one straight line, and there- 7 / 

fore also, since the parallelo- / / 

grams are equiangular, so as to ^ ^ 

have CBy BF in one straight 
line. 

Complete the parallelogram CBE, 

Then the ratio oi DB :BG is compounded of the ratios 
of DB ; CE and of CE to BG, 

But DB : CE :: AB : BE, 

and CE ; BG :: CB : BF; 

therefore, the ratio of DB : BG is compounded of the 
ratios AB : BE and CB : BF. 

CoR. I. Triangles which have one angle of the one equal 
to one angle of the other, are to one another in the ratio com- 
pounded of the ratios of the sides containing that angle. 
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Cor. 2. Equal parallelograms which are also equian- 
gular y have their sides reciprocally proportional. 

For, in the figure above, the ratio compounded of the 
ratio AB : BE and CB\BF must be unity; and therefore 
AB : BE :: BF : CB, or the sides of the parallelograms 
are reciprocally proportional. 

Cor. 3. Conversely y equiangular parallelograms which 
have their sides reciprocally proportional^ are equal. 

Cor. 4. Hence, if four straight lines be proportionals, the 
rectangle contained by the extremes is equal to the rectangle 
contained by the means, and conversely, 

CoR. 5. If three straight lines are in continued propor- 
tion, that is, if the first is to the second, as the second to the 
third, then will the rectangle contained by the extremes be 
equal to the square on the mean, and conversely. 

CoR. 6. The ratio of two parallelograms or two triangles is 
the ratio compounded of the ratios of their ba^es and cUtitudes, 

Theorem 13. 

In any circle angles at the centre have to one another the 
ratio of the arcs on which they stand, or of the sectors which 
they include^ 

Let ABC be a circle, of which O is the centre. 




158 ELEMENTARY GEOMETRY. [Book 

And let AOB^ FOQ be two angles at the centre. 
Then lAOB : lFOQ :: dcccAB : arc FQ, 

:: sector A OB : sector POQ. 

Divide the arc AB into any number of equal parts, and 
from the arc PQ cut off arcs equal to these. Join the 
points of division to O. 

Then, since equal arcs subtend equal angles at the cen- 
tre, the arc ABy and the angle A OB, are divided into the 
same number of parts. 

And therefore FOQ contains an aliquot part oi AOB ' 
the same number of times that FQ contains the same 
aliquot part of AB, into however many parts AB and 
AOB are divided; therefore 

L.AOB : ^FOQ :: arc ^^ : arc FQ. 

In precisely the same manner, since equal angles con- 
tain equal sectors, it may be shewn that 

lAOB : lFOQ :: sQctoi AOB : sector FOQ. 

Theorem 14. 

Similar polygons are to one another in the ratio of the 
squares of their homologous sides. 

Let ABODE, FQFSThQ similar polygons. 
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Divide each of them into the same number of similar 
triangles by lines drawn from the points O^ O* 

Let OABy (XFQ be two similar triangles. 

Draw OM, ON perpendicular to ABy PQ. 

OAB ABi^OM _AB OM 
^^ OFQ," PQ, y.ON" PQ"^ ON' 

but by similar triangles OAMy OPN and OAB, OPQ we 
have 

OMOA AB 

ON' OP PQ' 

Therefore, substituting >,^- for -^^ above, we have 

OAB AB AB 

X 



OPQ, PQ PQ 

AB^ 
'^ PQ^' 

In the same manner it may be shewn that 

OAE AE" Aff 
OPT" TP'^ P(X' 

since the polygons are similar, and therefore -™ = ^^ : 

and similarly for the other triangles ; 

OAB __ OAE _ ^Aff_ 

**• OPQ^ OPT'^"' " P(X' 

Therefore the sum of OAB, OAE... is to the sum of 
OPQy OPT,,, as AB^ : /^Q* ; that is, the polygons are to 
one another as the squares of their, homologous sides. 

Cor. I. Hence the polygons are to mie another as the 
squares of any homologous lines in them. 
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The polygons are said to be similarly described on their 
homologous sides. 

Cor, 2. It follows from (Theorem 12) that the ratio 
of the squares on two lines is the duplicate ratio of the lines. 
For if ABC, DEF are squares, then AC : DF is the ratio 



A 



compounded of the ratios AB : DE and BC : EFy that 
is, of BC \ EFy and BC : EF\ which is defined to be 
the duplicate ratio oi BC : EF. 

Moreover, if three straight lines are in continued propor- 
tion, the ist : 3rd in the duplicate ratio of the ist : 2nd. 

Cor. 3. Therefore further if three straight lines be in 
continued proportion^ the 1st : ^rd as any polygon described on 
the ist : the similar and similarly described polygon on the 2nd, 



Relation of Algebra to Geometjry. 

We now begin to see how algebra and arithmetic may 
assist Geometry. For example, we have learnt in algebra 
that a^-b* = {a-^b){a- b). Now suppose a and b to be. 
the numerical values of two lines, then a-\-b x& the nume- 
rical value of the sum of the line, a - ^ is that of their 
difference. 
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And therefore {a + ^) {a- b) is the numerical value of 
the rectangle contained by the sum and difference of the 
two lines. 

And cf—V is the difference of the numerical values 

of the squares on the two lines. Hence the algebraical 

identity ^-^ = (a + ^) (df-^) proves the geometrical fact, 

(which indeed we have learnt before) that the difference of 

the squares of two lines is equal to the rectangle contained 

by the sum and difference of those lines. 

< 

So agsdn {a + Vf = a* -f- 2ab + 3' has a geometrical signi- 
fication which the student should work out for himself in 
the same manner. 

It will be useful for him to work out the geometrical 
meaning (with figures) of the following identities : 

{a^bf^cf- 2ab-¥b*^ 
a(a-^b)'^a' + ab, 
{a-^by^a{a + b)'^b{a'^b), 

(tf + ^)* + (d5-3)'=2a»+2^, 

(^z + 3 + ^)' = «•+ 3'+ <:"+ 2ab +2ac+ 2bc. 

The following theorems are useful deductions from the 
preceding. 



w. G. M 
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Examples. 

(i) In any right-angled triangle anyfgure described on the 
hypothenuse is equal to the similar and similarly described figures 
on the two sides. 

Let ABC be a triangle right-angled at C; and let 




AFQB, BRSC, CTUA be similar figures similarly de- 
scribed on the sides AB^ BQ CA, that is, figures of which 
AB, BC, CA are homologous sides. 

Then will APQB = BRSC + CTUA. 

Draw CZT perpendicular to AB. 

Then AB : BC :: BC : BIT by similar triangles, 
and therefore 

AFQB : BjRSC :: AB : BJT (Theorem 14, Cor. 3), 

in the same manner it may be shewn that 

AFQB : CTUA :: AB : AIT, 



<t 
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and therefore 

AFQB : BRSC+ CTUA :: AB : BH+AB-, 
but AB = Blf-^ AH', 

and therefore AFQB = ^-^5(7 + Cr^-r4. 

It is obvious that a special case of this theorem is the 
theorem proved before, that the square on the hypothenuse 
of a right-angled triangle is equal to the sum of the squares 
on the sides. 

(2) If through any point O within or without a circle, 
chords are drawn, the rectangle contained by the segments of the 
one is equal to the rectangle contained by the segments of the 
other* 





Let A OB, COD be the chords through a Then is 
AO ys OB -- CO y^ OD. 

For join CB, AD. Then since the angle i? = angle 
B in the same segment, and the angle at O common to 
the two triangles AOD^ BOC, the triangles are equiangular 
and similar, 

.-. AO : OD :: CO : OB, 

.-. AO y^ OB ^ CO y. OD. 

Ma 
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Cor. If one of the secants OCD^ in figure 2, became a 
tangent, as OE^ then OC and OD are equal to 0E\ and 
therefore AO : OE :: C>^ : OB, and 0£^ = A0 x 6^^, or 
/^ square on the tangent to a circle from any point is equal 
to the rectangle contained by the intercepts on the secant drawn 
from that point, 

(3) In a quadrilateral inscribed in a circle the rectangle 
contained by the diagonals is equal to the sum of the rectangles 
contained by the opposite sides. 

Let ABCD be the quadrilateral inscribed in a circle. 
Then will 

AC y^ BD^ AB y^ DC + AD y^ BC. 

At the point B make the angle 
CBQ equal to the angle ABD, 

Then in the triangles ABD, 
QBC, since the angle QBC=\hQ 
angle ABD, and the angle ADB 
= the angle QCB, therefore the 

triangles are similar; and therefore AD : DB :: QC : BC, 
and therefore AD x BC^DB x QC. 

In the same manner, since the triangles ABQ, DBC are 
similar, AB : QA :: DB : DC, and therefore 

AB xDC=DB X QA. 

Therefore AD x BC+ AB x DC = DB x QC+ DB x QA 

=DB xAC 
This is known as Ptolemy's theorem. 

(4) In every triangle ABC, the rectangle contained by 
the two sides AB, AC is equal to the rectangle contained by 
the diameter CE of the circumscribing circle, and the per- 
pendicular AD, let fall on BC. 
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For the triangles ADB, CAE 
have the angles ABD = CEA and 
ADB = CAE \ therefore they are 
similar, and therefore 

AB : AD :: CE : AC, 
••. ABxAC^AjDx CE. 




Theorem 15. 

Circumferences of circles have to one another the ratio of 
their radii. 

The circumference of a circle is always greater than 
the perimeter of a polygon inscribed in it, less than that 
of a polygon circumscribed about it ; and each polygon 
may be brought perpetually nearer to the circle by increas- 
ing the number of its sides, and ultimately the two poly- 
gons and the circle will coincide. 





Thus in the left-hand figure the chord AB is less than 
AC,CB\ and these are less than AD, DC, CE, FB ; and 
these again, though more nearly coinciding with the arc 
AB, are less than that arc. Again, A C, CB in the right- 



ft 
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hand figure are greater than AD^ DF, FB, and these again 
greater than AG^ GK, KL, LN, NB, and these last, 
though more nearly coinciding with the arc AB^ are greater 
than that arc. 

Further, if we have two similar and regular polygons 
described inside and outside a circle, the difference between 
their perimeters may be as small as we please. 




For \i BC, DE be homologous sides of two such poly- 
gons, the diflference between them will be DF^ if BF be 
drawn parallel to AC, And we shall have 

DF : DE :: DB : DA. 

And this being true of all the sides is true of their sum, 
and therefore difference of perimeters ; outer perimeter :: 
DB : DA. 

Now DB : DA may be made as small as we please, 
therefore the ratio of the difference of the perimeters to the 
outer perimeter may be made as small as we please; that 
is, since the outer perimeter does not increase but diminish 
at the same time, we may make the difference of perime- 
ters as small as we please. 

Now let c, C be the circumferences of two circles ; r, J^ 
their radii ; /, / the perimeters of two regular inscribed 
polygons, similar to each other 3^, O the perimeters of two. 
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regular circumscribed polygons, similar to each other and 
to the inscribed ; 





Then since the triangles in all the polygons are similar 

we shall have 

r : jR :: i : ly 

and r : J^ :: : 0. 

Now let r : I^ :: c : C, 

Then t : I :: c : C\ 

and since c is greater than /, C is greater than /, 
so : O :: c : C\ and since C is less than O therefore 
C is less than 0, 

Therefore C lies between / and 0. 

Now if C differed from C by ever so small a quantity, 
we might have the difference between /and O still less, and 
then C would no longer lie between / and O, which is 
impossible. 

So C does not differ from C, and we have 

r : J^ :: c : C. 
Cor, Let a, A be the areas of the circles ; 
,\ a \ A :: re : RC^ (11. 14) 
:: r' : R\ 

that is, circles have to each other the ratio of the squares of 
their radii. 
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SECTION III. 

Problems. 

Problem i. 

To divide a given straight line into two parts which sheUl^ 
he in a ^ven ratio. 

Note. By a ^ven ratio is meant the ratio of two given 
lines, or of two given numbers : s^d since two lines can 
always be found which have the ratio of two given numbers, 
it follows that a given ratio can always be represented by the 
ratio of two given lines. 

Let AB be the given line, C and D the lines which have 
the given ratio; then it is required to divide AB into two 
parts, which have to one another the ratio oi C \ D. 

Construction. From A draw a line AE making any 
angle with AB^ and cut off parts AH^ HK equal to Cand 

J? 






B 2> 



D respectively. Join KB, and draw HP parallel to KB. 
P will be the point of division required. 
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Proof. For since HP is parallel to KB^ 
therefore AP \ PB w AH : HK \ 

but AH^C] and HK=D\ 

therefore AP : PB :: C : A 

that is, AB is divided into two parts which are to one an- 
other in the given ratio. 

Cor. I. In the same manner a line may he divided into 
any number of parts which have to one another ^ven ratios. 

Cor. 2. Hence a line may be divided into any number 
of equcU parts ^ the given ratios being all ratios of equality. 

Note, This construction divides the line internally into 
parts which have the given ratio. If it is required to divide 



y' 



y 



- V 

.^' A 

it externally^ HK must be measured in the opposite direc- 
tion along AEy as in the figure. 

The proof will be the same as before. 



Problem 2, 

To find a fourth proportional to three given straight lines. 

Let Ay By C be the given straight lines to which it is 
required to find a fourth proportional. 

Construction. Take any angle X^ and on one of its arms 
take XD^ DE equal to Ay B respectively : and on the other 
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arm take -XT?* equal to C. Join DF^ and draw jE^ parallel 
to DF^ to meet A!F produced in H. 



(7 




Then shall Flfht the line required. 

Proof. For since 2?i^ is parallel to EH^ 

XD : DE :: XF : FH, 

but XD^ DE^ and -iW^ are equal to A^ By C respectively; 

therefore A \ B w C \ FH\ 

that is, FIT IS the fourth proportional required^ 

CoR. Hence a third proportional to two given straight lines 
can be found y by taking C=B. 



Problem 3. 

To find a mean proportional between two grven straight 
lines. 

Let Ay Bhe the given straight lines : it is. required to find 
a mean proportional between A and B, 
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Construction. Take HK^ KL in the same straight line, 
equal to A and B respectively. On HK describe a semi- 



HS,^" 


1 


X 


//' 


% 
^ 


\ 


\ 


</- 


r 


\ 


Ij 



circle, and draw KM perpendicular to HL to meet the cir- 
cumference in N. KM\% the line required. 

Proof. Join HM^ ML. Then since HML is a semi- 
circle, HML is a right angle ; therefore MK^ the perpen- 
dicular from the right angle on the hypothenuse, is a mean 
proportional between the segments of the base; that is, 
MK is a mean proportional between HK and KL^ or 
between A and B. 



Problem 4. 

To divide a straight line in extreme and mean ratio. 

A line AB is said to be divided in extreme and mean 
ratio in C, when 

AB : AC :: AC : CB. 

Let AB. be the given straight line, which it is required 
to divide in extreme and mean ratio. 
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Construction. From B draw J^ZT perpendicular to AB^ 
and equal to half AB. Join AH. With centre H, and 



1 2^ 3 

radius -^-5 describe a circle cutting -4^ and -4^ produced 
in.^and L ; and cut off from AB a part AC = AK. 
C shall be the point required. 

Proof. Since HB is at right angles to AB^ AB is a 
tangent to the circle KBL. 

Therefore AL : AB :: AB : Aj^. 

Therefore 

^^ : AZ -AB :: AK : AB - AK (iii. 3, Cor. 3). 

But since ^^ = 2HB = ^Z, and AK=^ A C, 

we have AL-AB^AK^AC, 

and AB-AK^BC\ 

therefore AB \ AC v. AC \ BC. 

This problem is solved as an exercise in Book i. Sec- 
tion yi. 

Algebraical Solution. 

Remark. It is instructive to compare this with the 
algebraical solution. Let the given line AB^ a, that is, 
contain a units of length : and let AC the portion required, 
which is at present unknown, ^x. 
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Then by the conditions a : x :: x : a-x, 
that is, tf(<z-^)=^. 

But this is a quadratic equation in Xy solving which we 
obtain 

x= — ,a. 

2 

And the geometrical construction is the expression of the 
operations here represented. For if AB = «, HB = - tf, and 



2 



AH^ ^ AB" -¥ HB" = (f -^^ a!" =^ a^ ', and ^ j^ = ^ . <z ; and 

4 4 2 

HK^-a\ and therefore ^^= -5 tf--a = —^"^<z. 
2 222 

Therefore -4 C- a: = — ^ a. 

2 

The negative sign before the radical corresponds to the 
solution of a problem more general than the geometrical 
problem as stated above, and the consideration of it must be 
deferred. 



Problem 5. 

To construct a triangle similar to a given triangle, on a 
straight line which is to be homologous to a given side of the 
triangle. 

Let ABC be the given triangle, DE the ^ven straight 
line which is to be homologous to AB. 

Construction. At D and E draw lines making with DE 
angles equal to the angles A and B, and let these lines 
meet in F. Then DEE is the triangle required. 
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Procf, For the triangle I>EF\% by construction equi- 
angular to the triangle ABCj and therefore it is similar 
to it. 

Cor. Hence a polygon can he constructed similar to any 
given polygon^ on a straight line which is to be homologotis to a 
given side of t lie polygon. 

For the given polygon can be divided into triangles. 



Problem 6. 

To make a square which shall be to a given square in a 
given ratio. 

Let AB be the side of the given square, AB i BC m 
the given ratio. 



, — a 
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Construction. On AC describe a semicircle, and draw 
BD perpendicular to AC^ to meet the semicircle in D. BD 
is the side of the square required. 

Proof. Since AB : BD :: BD : BC, 
therefore AB" : BD' :: AB : BC, 

that is AB* : BD * in the given ratio. 

Cor. 77ie same construction and proof are applicable to 
any polygon. 

For similar polygons are to one another as the squares 
on their homologous sides. 



Problem 7. 

To inscribe a regular decagon in a given circle. 

We shall solve this by the method of analysis and syn- 
thesis. 

Analysis. The radii to two consecutive angular points 

must include an angle equal to — th of 4 right angles, or 

10 

to - th of 2 right angles. That is, if OA^ OB are such radii, 
the angle at O must be - th of two right angles, and there- 

2 

fore the angles at A and B must each be ~ ths of 2 right 

angles, since the three angles are together equal to 2 right 
angles. 

Bisect the angle OBA by the line BC. Then OBC 
and CBA each are equal to AOB y and therefore CB^CO^ 
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and BCA is double oi COB, and therefore ^BAC; iiiere- 
{otqAB = BC=CO. 




But since OBA is bisected by BC 

OB : AB ;: OC : CA ; 
therefore OA : OC :: 6?C : C4, 

or OA is divided in extreme and mean ratio in C. 

Hence the construction follows. 

Synthesis, Take OA any radius of the circle \ divide it 
in extreme and mean ratio in C so that 

OA : OC :: OC : CA. 

Place AB as a chord of the circle equal to OC, Join 
BO, CA. 

Then AB is a side of a decagon inscribed in the circle. 

Broo/. For since OA : 6>C :: OC : CA, 

and OA»OB, and OC^^AB; 

therefore 6>^ : BA :: (9C : C4 ; 

and therefore CB bisects the angle OBA ; and the angle 
OBA is double of ABC. 

And again since the triangles OAB, BAChscve the angle 
at A common, and have the sides about the common angle 
proportionals, viz. OA : AB ;: AB : AC] 
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Therefore these triangles are similar and equiangular; 
therefore the angle ABC is equal to the angle A OB. 

But OB A is double of ABC^ and therefore each of the 
angles OB A, OAB is double oi AOB. 

But the three angles OBA^ OAB^ AOB together equal 
2 right angles ; therefore OAB = - th of 2 right angles, or 

— th of 4 right angles. 

Hence ten chords equal to AB could be placed round 
the circumference of the circle, and thus a regular decagon 
would be inscribed. 

Cor. I. Hence a regular pentagon may he inscribed in a 
circle by joining the alternate angular points of an inscribed 
decagon. 

Cor. 2. Hence regular polygons of 20^ 40, 80 sides can 
be constructed. 

Problem 8. 
To inscribe a regular quindecagon in a given circle. 

Let ABC be the given circle, in which it is required to 
inscribe a regular quindecagon. 



w. G. N 
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Construction* Inscribe an equilateral triangle ABC^ and 
a regular pentagon ADEFGy having one angular point A 
comnion. 

Join BE^ and place chords equal to BE round the cir- 
cumference of the circle : they will form an inscribed quin- 
decagon. 

I-roof. For AE is - ths of the circumference, zxidiAB is 

I 211 

- rd of the circumference : therefore BE is = — th of 

3 S 3 15 

the circumference, and therefore 15 chords equal to BE can 

be placed round the circumference of the circle, and will 

form a regular quindecagon. 

Cor. Hence regular polygons of 10^ 60, 120 &c. sides 
can be constructed. 

Regular polygons can therefore be constructed when the 
number of their sides is 3, 4, 5, or 15, or these numbers 
multiplied by any power of 2. And besides these no other 
regular polygons can be constructed by the use of the ruler 
and compasses only, with the remarkable exception dis- 
covered by Gauss ; who shewed that a polygon of 2" + i 
sides can be described by the ruler and compasses alone, 
when n is such that 2" + 1 is a prime number. If n has 
the values i, 2, 3 ... in succession, 2"+i takes the values 
3. S» 9» 17, 33» 6s, 129, 257 ... of which 3, 5, 17, 257 are 
primes. Hence Gauss has shewn that regular polygons of 
17 and 257 sides can be constructed by the use of the ruler 
and compasses; but the construction and proof, even for 
the first of these, are far too tedious to be given in an 
elementary work. 
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Miscellaneous Theorems and Problems. 

1. The bisector of an angle of an equilateral triangle, 
passes through one of the points of trisection of the perpen- 
dicular from either of the other angles on the opposite side. 

2. The bisectors of the angles of a triangle intersect in 
one point. 

3. ABC^ PQR are two parallel lines such that 

AB : EC :: PQ : QR, 

prove that AP^ BQ^ CR are either parallel or meet in one 
point. 

4. The external bisector of the vertical angle of an 
isosceles triangle is parallel to the base. 

5. The line joining the middle points of the sides of a 
triangle is parallel to the base, and is equal to half the 
base. 

6. The triangle formed by joining the middle points of 
the sides of a triangle is similar to the original triangle, and 
has one fourth of its area, 

7. The lines that join the middle points of adjacent 
sides of a quadrilateral form a parallelogram. Under what 
circumstances will it be a rhombus, a square, or a rectangle? 

8. CAB is a triangle, and in AC & point A' is taken, 
and BB" is cut off from CB produced, so that A A' = BB', 
Prove that A'B" is cut by AB into parts which have to one 
another the ratio CB : CA, 
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9. To inscribe a square in a triangle. 

10. If two triangles are on equal bases between the 
same parallels any straight line parallel to their bases will 
cut off equivalent areas from the two triangles. 

11. Make an equilateral triangle equivalent to a given 
square. 

12. Find a point O within the triangle ABC^ such that 
OAB^ OAC, OjBC shall be equivalent triangles. 

13. The angle A of a. triangle ABC is bisected by a 
line that meets the base in Z> : BC is bisected in O, Prove 
that OB : 0£> :: AB + AC : AB-^AC. 

14. Given the base, vertical angle, and ratio of the 
sides, construct the triangle. 

15. Perpendiculars are drawn from any point within an 
equilateral triangle on the three sides ; shew that their sum 
is invariable. 

16. Deduce from Ptolemy's Theorem that if/* is any 
point in the circumference of the circle circumscribing an 
equilateral triangle ABC, of the three lines PA, PB, PC 
one is equal to the sum of the other two. 

17. From any point in the base of a triangle lines are 
drawn parallel to the two sides. Find the locus of the inter- 
section of the diagonals of the parallelograms so formed. 

18. Let Pf Q be points in AB, and AB produced, so 
that AP : PB :: AQ : QB ; through B draw a perpen- 

. dicular to AB to meet the semicircle on PQ in M: prove 
that AM touches the circle at M. 
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1 9. AB is a given line, and CD a given length on a 
line parallel to AB^ and A C, BD intersect in O ; prove that 
as CD varies in position, the locus of (9 is a line parallel 
to AB, 

20. AB is a diameter of a circle of which AEF^ BEG 
are chords. CED is drawn through E at right angles to 
AB\ prove that CFDG is a quadrilateral such that the 
ratio of any pair of its adjacent sides is equal to the ratio of 
the other pair. 

21. Divide a given arc of a circle into two parts which 
have their chords in a given ratio to one another. 

22. If in two similar triangles lines are drawn from two 
of the equal angles to make equal angles with the homolo- 
gous sides, these lines shall have to one another the same 
ratio as the sides of the triangle. 

23. To make a rectilineal figure similar to a given recti- 
lineal figure, and having a given ratio to it. 

24. To find two straight lines which shall have the 
same ratio as two given rectangles. 

25. To describe on a given straight line a rectangle 
equal to a given rectangle. 

26. To make an isosceles triangle, with a given vertical 
angle, equal to a given triangle. 

27. In a quadrilateral figure which cannot be inscribed 
in a circle the rectangle contained by the diagonals is less 
than the sum of the rectangles contained by the opposite 
sides. 
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28. In any triangle ABC the rectangle AB-kAC is 
equal to the rectangle contained by the diameter of the 
circle circumscribing the triangle, and the perpendicular 
from A on jBC. 

29. Hence shew that if ^ be the area of a triangle 
ABCf D the diameter of the circumscribing drcle, 

AxD^^ABxBCx CA. 

30. Construct a rectangle equal to a given square, and 
having the sum of its adjacent sides equal to a given straight 
line. 

. 31. Construct a rectangle equal to a given square, and 
having the difiference of its adjacent sides equal to a given 
square. 

32. Describe a rectangle equal to a given square, and 
having its sides in a given ratio. 

33. To make a figure similar to a given figure, and hav- 
ing a given ratio to it 

34. AB is a diameter of a circle, and at A and B 
tangents are drawn to the circle. If PCQ be a tangent at 
any point C, cutting the tangents at -4, B in /*, Q^ prove 
that the radius of the circle is a mean proportional between 
the segments PC^ QC. 

35. With the same figure prove that '^AQ, jff-P inter- 
sect in Bf then CB is parallel to AB or BQ. 

36. If two triangles AEF^ ABC have a common angle 
Ay prove that 

the triangle AEF : triangle ABC=AE. AF : AB.AC 
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37. Given two points in a terminated straight line, find 
a point in the straight line such that its distances from the 
extremities of the line are to one another in the same ratio 
as its distances from the fixed points. 

38. Divide a given straight line into two parts such 
that their squares may have a given ratio to one another. 

39. AB is divided in C\ shew that the perpendiculars 
from A^ B on any straight line through C have to one an- 
other a constant ratio. 

40. From the obtuse angle of a triangle to draw a line 
to the base which shall be a mean proportional between the 
segments of the base. 

41. Divide a given triangle into two parts which shall 
have to one another a given ratio by a line parallel to one of 
the sides. 

42. If from any point in the circumference of a circle 
perpendiculars be drawn to the sides, or sides produced of an 
inscribed triangle, prove that the feet of these perpendiculars 
lie in one straight line. 

43. If a line be divided into any two parts to find the 
locus of the point in which these parts subtend equal 
angles. 

44. If two circles touch each other externally, and also 
touch a straight line, prove that the part of the line between 
the points of contact is a mean proportional between the 
diameters of the circles. 

45. Any regular polygon inscribed in a circle is a mean 
proportional between the inscribed and circumscribed regular 
polygons of half the number of sides. 
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46. ABC is a triangle, and O is the point of intersec- 
tion of the perpendicular from ABC on the opposite sides 
of the triangle : the circle which passes through the middle 
points of OAy OB^ OC, will pass through the feet of the 
perpendiculars, and through the middle points of the sides of 
the triangle. * 

47. Describe a circle to touch a given straight line 
and a given circle, and to pass through a given point 

48. A and B are two points on the same side of a 
straight line which meet AB produced in C Of all the 
points in this straight line find that at which AB subtends 
the greatest angle. 

49. Inscribe a square in a given pentagon. 

50. A BCD is a quadrilateral figure circumscribing a 
circle, and through the centre O, a line EOF equally in- 
clined to AB and BC is drawn to meet them in E and F: 
prove that AE:EB \: CF: FD, 
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MORGAN— A COLLECTION of PROBLEMS and EXAMPLES 
in Mathematics. With Answers. By H. A. Morgan, M.A., 
Sadlerian and Mathematical Lecturer of Jesus College, Cambridge. 
Crown 8vo. cloth. 6s. 6d. 

This book contains a number of problems, chiefly elementary, in the Mathe- 
matical subjects usually read at Cambridge. They have been selected 
from the papers set during late years at Jesus college. Very few of them 
are to be met with in other collections, and by far the larger number are 
due to some of the most distinguished Mathematicians in the University. 

PARKINSON— Works by S. Parkinson, B.D., Fellow and Prae- 
lector of St John's College, Cambridge : — 

— AN ELEMENTARY TREATISE ON MECHANICS. For 
the use of the Junior Classes at the University and the Higher 
Classes in Schools. With a Collection of Examples. Third 
Edition, revised. Crown 8vo. cloth, gs. 6d. 

The author has endeavoured to render the present volume suitable as a 
Manual for the jimior classes in Universities and the higher classes in 
Schools. In the Third Edition several additional propositions have been 
incorporated > in the work for the purpose of rendering it more complete, 
and the Collection of Examples and Problems has been largely increased. 

— A TREATISE on OPTICS. Second Edition, revised. Crown 
8vo. cloth, lOf. 6d. 

A collection of Examples and Problems has been appended to this work 
which are sufficiently numerous and varied in character to afford useful 
exercise for the student : for the greater part of them recourse has been 
had to the Examination Papers set in the University and the several Col- 
leges during the last twenty years. 
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/W-fi"^;?.— ELEMENTARY HYDROSTATICS. With numerous 

Examples. By J. B. Phkar, M.A., Fellow and late Assistant 

Tutor of Clare College, Cambridge. Fourth Edition. Crown 8vo. 

cloth, 5^. (ki, 

** Axi excellent Introductory Book. The definitions are very clear; the de- 
scriptions and explanations are sufficiently full and intelligible ; the in- 
vestigations are simple and scientific. The examples greatly enhance its 
value." — English Journal of Education. 

PRATT.— K TREATISE on ATTRACTIONS, LAPLACE'S 
FUNCTIONS, and the FIGURE of the EARTH. By John 
H.Pratt, M.A., Archdeacon of Calcutta, 'Author of **The 
Mathematical Principles of Mechanical Philosophy." Third 
Edition. Crown 8vo. cloth, df. td, 

PUCKLE.—K^ ELEMENTARY TREATISE on CONIC SECT- 
IONS and ALGEBRAIC GEOMETRY. With numerous Ex- 
amples and hints for their Solution ; especially designed for the use 
of Beginners. By G. H. Puckle, M.A., St. John's College, 
Cambridge, Head Master of Windermere College. Third Edition, 
enlarged and improved. Crown 8vo. cloth, 'js, 6d. 

The work has been completely re-written, and a considerable amount of new 
matter has been added, to suit the requirements of the present time. 

RAWLINSON.—EISEME^TKRY STATICS. By G. Rawlin- 
SON, M.A. Edited by Edward Sturges, M.A., of Emmanuel 
College, Cambridge, and late Professor of the Applied Sciences, 
Elphinstone College, Bombay. Crown Svo. cloth. \s, 6d, 

Published under the authority of H. M. Secretary of State for use in the 
Government Schools and Colleges in India. 

"This Manual may take its place among the most exhaustive, yet clear and 
simple, we have met with, upon the composition and resolution of forces^ 
equilibrium, and the mechanical powers."— ^rww/o/ Budget. 

R£yj\rOLDS.—UODER'S METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown Svo. 3J. 6d, 

POC/Tir.—AN ELEMENTARY TREATISE on the DYNAMICS 
of a SYSTEM of RIGID BODIES. With Examples. By 
Edward John Routh, M.A., Fellow and Assistant Tutor of 
St. Peter's College, Cambridge ; Examiner in the University of 
London. Crown Svo. cloth, lOir. 6d. 

SMIT//.—A TREATISE on ELEMENTARY STATICS. By 
J. H. Smith, M.A., Gonville and Caius College, Cambridge. 
Svo. 5j. 6d, 
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SMITH,— VforVs by Barnard Smith, M.A., Rector of Glaston, 
Rutlandshire, late Fellow and Senior Bursar of St. Peter's College, 
Cambridge : — 

— ARITHMETIC and ALGEBRA, in their Principles and Ap- 
plication, with numerous Systematically arranged Examples, taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for B.A. Degree. Tenth Edition. 
Crown 8vo. cloth, icxr. 6d. 

This work is noW extensively used in Schools and Colleges both at home and 
in the Colonies. It has auo been found of great service for students pre- 
paring for the Middle-Class and Civil and Military Service Ex- 
aminations, from the care that has been taken to elucidate xkut principles 
of all the Rules. 

— ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. cloth, 4r. dd, 

— COMPANION to ARITHMETIC for SCHOOLS. [Preparing. 

— A KEY to the ARITHMETIC for SCHOOLS. Seventh 
Edition. Crown 8vo., cloth, 8j. 6d, 

— EXERCISES in ARITHMETIC. With Answers. Crown 
Svo. limp cloth, 2s. dd. Or sold separately, as follows : — Part I. 
I J. ; Part II. is. Answers, 6^. 

These Exercises have been published in order to give the pupil examples in 
every rule of Arithmetic. The greater number have been carefully com- 
piled from the latest University and School Examination Papers. 

— SCHOOL CLASS-BOOK of ARITHMETIC. i8mo. cloth, 
3J. Or sold separately. Parts I. and II. \od. each ; Part III. \s. 

— KEYS to SCHOOL CLASS-BOOK of ARITHMETIC. Com- 
plete in one Volume, i8mo., cloth, df. 6^. ; or Parts I., II., and 
III. 25. 6d. each. 

— SHILLING BOOK of ARITHMETIC for NATIONAL 
and ELEMENTARY SCHOOLS. i8mo. cloth. Or separately, 
Part I. 2d. ; Part II. yi. ; Part III. ^d. Answers, 6d. 

The Same, with Answers complete. iSmo. cloth, is. 6d. 

— KEY to SHILLING BOOK of ARITHMETIC. i8mo. cloth, 
4r. 6d. 

— EXAMINATION PAPERS in ARITHMETIC. In Four 
Parts. i8mo. cloth, is. 6d. The Same, with Answers, i8mo. 
IS. gd. 

— KEY to EXAMINATION PAPERS in ARITHMETIC. 
i8mo. cloth, 4s, 6d. 
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SNOWBALL.— Y^LK^Y. and SPHERICAL TRIGONOMETRY. 
With the Construction and Use of Tables of Logarithms. By 
J. C. Snowball. Tenth Edition. Crown 8vo. cloth, 7j. (id. 

TAIT and STEELE.— DYNAMICS of a PARTICLE. With 
Examples. By Professor Tait and Mr. Steele. New Edition. 
Crown 8vo. cloth, loj. 6d. 

In this Treatise will be found all the ordinary propositions connected with 
the Dynamics of Particles which can be conveniently deduced without the 
use of D'Alembert's Principles. Throughout the book will be found a 
number of illustrative Examples introduced in the text, and for the most 
part completely worked out ; others, with occasional solutions or hints to 
assist the student, are appended to each Chapter. 

r^FZO^.— GEOMETRICAL CONICS ; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B.A., Scholar of St. John's College, Cambridge. Crown 8vo. 
cloth, Js. 6d. 

T£BA y.—ELEMEl^TARY MENSURATION for SCHOOLS. 
With numerous Examples. By Septimus Tebay, B.A., Head 
Master of Queen Elizabeth's Grammar School, Rivington. Extra 
fcap. Svo. y. 6d. 

TODHUNTER.—^ox\a by I. Todhuiiter, M.A., F.R.S., Fellow 
and Principal Mathematical Lecturer of St. John's College, Cam- 
bridge : — 

— THE ELEMENTS of EUCLID for the use of COLLEGES 
and SCHOOLS. New Edition. i8mo. cloth, y. (yd. 

— ALGEBRA for BEGINNERS. With numerous Examples. 
New Edition. i8mo. cloth, zs. 6d, 

— KEY to ALGEBRA for BEGINNERS. Crown 8vo., cl., 6j. td. 

— TRIGONOMETRY for BEGINNERS. With numerous 
Examples. New Edition. i8mo. cloth, 2s. 6d. 

Intended to serve as an introduction to the larger treatise on Plane Trigo- 
notnetry^ published by the author. The same plan has been adopted as in 
the Algebra for Beginners : the subject is discussed in short chapters, and 
a collection of examples is attached to each chapter. 

— MECHANICS for BEGINNERS. With numerous Examples. 
i8mo. cloth, 4r. (yd. 

Intended as a companion to the two preceding books. The work forms an 
elementary treatise on Demonstrative Mechanics. It may be true that 
this part of mixed mathematics has been sometimes made too abstract and 
speculative ; but it can hardly be doubted that a knowledee of the elements 
at least of the theory of the subject is extremely valuable even for those 
who are mainly concerned with practical results. The author has accord- 
ingly endeavoured to provide a suitable introduction to the study of applied 
as well as of theoretical Mechanics. 
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TODHUNTER.—Vf orVs by I. Todhunter, 1SL.K.— Continued. 

— A TREATISE on the DIFFERENTIAL CALCULUS. 
With Examples. Fourth Edition. Crown 8vo. cloth, lOf. 6^. 

— A TREATISE on the INTEGRAL CALCULUS. Third 
Edition, revised and enlarged. With Examples. Crown 8vo. 
cloth, iQr. 6d. 

— A TREATISE on ANALYTICAL STATICS. With Ex- 
amples. Third Edition, revised and enlarged. Crown 8vo. cloth, 
lor. 6d, 

— PLANE CO-ORDINATE GEOMETRY, as applied to the 
Straight Lme and the CONIC SECTIONS. With numerous 
Examples. Fourth Edition. Crown 8vo. cloth, ys. 6d. 

— ALGEBRA. For the use of Colleges and Schools. Fourth 
Edition. Crown 8vo. cloth, ^s. 6d. 

This work contains all the propositions which are usually included in ele- 
mentary treatises on Algebra, and a large number of Exaynplesfor Ex- 
ercise. The author has sought to render the work easily intelligible to. 
students without impairing the accuracy of the demonstrations, or contract- 
ing the limits of the subject. The Examples have been selected with a 
view to illustrate every part of the subject, and as the number of them is 
about Sixteen hundred and fifty y it is hoped they will supply ample exer- 
cise for the student. Each set of Examples has been carefully arranged, 

• commencing with very simple exercises, and proceeding gradually to those 
which are less obvious. 

— PLANE TRIGONOMETRY. For Schools and Colleges. 
Third Edition. Crown 8vo. cloth, ^s. 

The design of this work has been to render the subject intelligible to be- 
ginners, and at the same time to afford the student the opportunity of ob- 
taining all the information which he will require on this branch of Mathe- 
matics. Each chapter is followed by a set of Examples ; those which are 
entitled Miscellaneous Examples, together with a few in some of the other 
sets, may be advantageously reserved by the student for exercise after he 
has made some progress in the subject. In the Second Edition the 
hints for the solution of the Examples have been considerably increased. 

— A TREATISE ON SPHERICAL TRIGONOMETRY. 
Second Edition, enlarged. Crown 8vo. cloth, 4r. dd. 

This work is constructed on the same plan as the Treatise on Plane Trigo- 
nonutry^ to which it is intended as a sequel. _ Considerable labour has 
been expended on the text in order to render it comprehensive and ac- 
curate, and the Examples, which have been chiefly selected from Uni- 
versity and College Papers, have all been carefully verified. 

— EXAMPLES of ANALYTICAL GEOMETRY of THREE 
DIMENSIONS. Second Edition, revised. Crown 8vo. cloth, 41. 

— AN ELEMENTARY TREATISE on the THEORY of 
EQUATIONS. Second Edition, revised. Crown 8vo. cloth, 
7J. (id. 
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W/Z5C?iV: —ELEMENTARY GEOMETRY. Part I. Angles, 
Triangles, Parallels, and Equivalent Figures, with the Application 
to Problems. By J. M. Wilson, M.A., Fellow of St. John's 
College, Cambridge, and Mathematical Master in Rugby School. 
Extra fcap. 8vo. 2j. dd, 

— A TREATISE on DYNAMICS. By W. P. Wilson, M.A., 
Fellow of St. John's College, Cambridge ; and Professor of 
Mathematics in Queen's College, Belfast, ova 9J. ^, 

WOLSTENHOLME,—A BOOK of MATHEMATICAL PROB- 
LEMS on subjects included in the Cambridge Course. By Joseph 
WoLSTENHOLME, Fellow of Christ's College, sometime Fellow of 
St. John's Collie, and lately Lecturer in Mathematics at Christ's 
College. Crown 8vo. cloth. 8j. dd. 

Contents: Geometry (Euclid). — ^Algebra. — Plane Trigonometry. — Conic 
Sections, Geometrical. — Conic Sections, Analytical. — ^Theory of Equations. 
— Differential Calculus. — Integral Calculus.— -Solid Geometry. — Statics. — 
Dynamics, Klementary. — Newton. — Dynamics of a Point. — Dynamics of 
a Rigid Body. — Hydrostatics.— Geometrical Optics. — Spherical Trigono- 
metry and Plane Astronomy. 

In each subject the order of the Text-Books in general use in the University 
of Cambridge has been followed, and to some extent the questions have 
been arranged in order of difficulty. The collection will be found to be 
unusually copious in problems in the earlier subjects, by which it is de- 
signed to maJce the work useful to mathematical students, not only in the 
Universities, but in the higher classes of public schools. 
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y^/ffK— POPULAR ASTRONOMY. With Illustrations. By G. B. 
Airy, Astronomer Royal. Sixth and Cheaper Edition. i8mo. 
cloth, 41. 6d, 

" Popular Astronomy in general has many manuals ; but none of them super- 
sede the Six Lectures of the Astronomer Royal under that title. Its 
speciality is the direct way in which every step is referred to the observatorj^, 
and in which the methods and instruments oy which every observation is 
made are fuJly described. This gives a sense of solidity and substance to 
astronomical statements which is obtainable in no other yfxyJ"— Guardian. 

GE/X'/E.^ELEMEH^TARY LESSONS in PHYSICAL GEO- 
LOGY. By Archibald Geikie, F.R.S., Director of the Geo- 
logical Survey of Scotland. [Prfparing. 
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//UXLE K—UESSOT^S in ELEMENTARY PHYSIOLOGY. 
With numerous Illustrations. By T. H. Huxley, F.R.S., Pro- 
fessor of Natural History in the Royal School of Mines. Second 
Edition. i8mo. cloth, 4s, 6d. 

** It is a very small book, but pure gold throughout There is not a waste 
sentence, or a superfluous word, and vet it is all clear as daylight. It 
exacts close attention from the reader, but the attention will be repaid by 
a real acquisition of knowledge. And though the book is so small, it 

manages to touch on some of vxt very highest problems The whole 

book shows how true it is that the most elementary instruction is best 
given by the highest masters in any sdexux.'*— Guardian, 

" The very best descriptions and explanations of the principles of himian 
physiology which have yet been written by an Englishman." — Saturday 
Review. 

Z:C>CA'K£:^.— ELEMENTARY LESSONS in ASTRONOMY. 
With Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous Illustrations. By J. Norman Lockyer, 
F.R.A.S. i8mo. Ss. 6d, 

OLIVE/?.— hESSO'SS IN ELEMENTARY BOTANY. With 
nearly Two Hundred Illustrations. By Daniel Oliver, F.R.S., 
F.L.S. Third Thousand. i8mo. cloth, 4s. 6d. 

'* The manner is most fascinating, and if it does not succeed in making this 
division of science interesting to every one, we do not think anything can. 
.... Nearly 200 well executed woodcuts are scattered through the text, 
and a valuable and copious index completes a volume which we cannot 
praise too highly, and which we trust aU otu* botanical readers, yoimg and 
old, will possess themselves of." — Popular Science Review. 

** To this system we now wish to direct the attention of teachers, feeling 
satisfied that by some such course alone can any substantial knowledge of 
plants be conveyed with certainty to young men educated as the mass of 
otu" medical students have been. We know of no work so well suited to 
direct the botanical pupil's efforts as that of Professor Oliver's, who, with 
views so practical and with great knowledge too, can write so accurately 
and clearly." — Natural History Review. 

/?(96r(9^.— LESSONS in ELEMENTARY CHEMISTRY, In- 
organic and Organic By Henry Roscoe, F.R.S., Professor 
of Chemistry in Owen's Collie, Manchester. With numerous 
Illustrations and Chromo-Litho. of the Solar Spectra. Ninth 
Thousand. i8mo. cloth, 4r. dd. 

It has been the endeavour of the author to arrange the most important facts 
and principles of Modem Chemistry in a plain but concise and scientific 
form, suited to the present requirements of elementary instruction. For 
the purpose of facilitating the attainment of exactitude m the knowledge of 
the subject, a series of exercises and questions upon the lessons have been 
added. The metric system of weiehts and measures, and the centigrade 
thermometric scale, are used throughout the work. 

** A small, compact, carefully elaborated and well arranged manual." — 
Spectator. 
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ATLAS of EUROPE. Globe Edition. Uniform in size with 
Macmillan's Globe Series, containing 48 Coloured Maps, on the 
same scale Plans of London and Paris, and a copious Index, 
strongly bound in half-morocco, with flexible back. 9^. 

Notice.— This Atlas includes all the Countries of Europe in a Series of 
Forty-eight Maps, drawn on the same scale, with an Alphabetical Index to 
the situation of more than 10,000 Places ; and the relation of the various 
Maps and Cotmtries to each other is defined in a general Key-Map. 

The identity of scale in all the Maps facilitates the comparison of extent and 
distance, and conveys a just impression of the magnitude of different 
Countries. The size suffices to show the Provincial Divisions, the Rail- 
ways and Main Roads, the Principal Rivers and Motmtain Ranges. As 
a book it can be opened without the inconvenience which attends the use 
of a folding map. 

" In the series of works which Messrs. Macmillan and Co. are publishing 
under this general title (Globe Series) they have combined portableness 
with scholarly accuracy and typographical beauty, to a degree that is 
almost unprecedented. Happily they are not alone in employing the 
highest available scholar^ip in the preparation of the most elementary 
educational works ; but their exquisite taste and large resources secure an 
artistic result which puts them almost beyond competition. This little 
atlas will be an invaluable boon for the school, the desk, or the traveller's 
portmanteau." — Briiisk Quarterly Review. 

BATES and LOCKYER,—K CLASS BOOK of GEOGRAPHY, 
adapted to the recent Programme of the Royal Geographical 
Society. By H. W. Bates and J. N. Lockyer, F.R. A.S. 

[/« the Press, 

CAMEOS from ENGLISH HISTORY. From RoUo to Edward II. 

By the Author of "The Heir of Redclyffe." Extra fcap. 8vo. 5j. 

*' Contains a large amount of information in a concentrated form, and so 
skilfully and well is the adventurous, personal, and dramatic element 
brought out, that any boy of intelligence will find these narratives as 
fascinating as the most exciting fiction ever penned." — London Review. 

EARLY EGYPTIAN HISTORY for the Young. With Descriptions 

of the Tombs and Monuments. New Edition, with Frontispiece. 

Fcap. Svo. Sj. 

"Written with liveliness and perspicuity." — Guardian. 

" Artistic appreciation of the picturesque, lively humour, unusual aptitude for 
handling the childish intellect, a pleasant style, and sufficient learning, 
altogether free from pedantic parade, are among the good qualities of this 
volume, which we cordially recommend to the parents of inquiring and 
book-loving boys and ^r\%.—Athenceum. 

** This is one of the most perfect books for the young that we have ever seen. 
We know something of Herodotus and Rawlinson, and the subject is cer- 
tainly not new to us ; yet we read on, not because it is our duty, but for very 
pleasure. The author has hit the best possible way of interesting any one, 
yoimg or old." — Literary Churchman. 
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HOLE.—K GENEALOGICAL STEMMA of the KINGS of ENG- 
LAND and FRANCE. By the Rev. C. Hole. In One Sheet 

IS. 

— A BRIEF BIOGRAPHICAL DICTIONARY. Compiled and 
Arranged by Charles Hole, M.A., Trinity College, Cambridge. 
Second Edition, i8mo., neatly and strongly bound in cloth, 
4^. (id. 

The most comprehensive Biographical Dictionazy in English,— containing 
more than z8,ooo names of persons of all countries, with dates of birth and 
death, and what they were distinguished for. 

" An invaluable addition to otu- manuals of reference, and from its moderate 
price, it cannot fail to become as popular as it is useful." — Times. 

** Supplies a universal want among students of all kinds. It is a neat, com- 
pact, well printed little volume, which may go into the pocket, and should 
De on every student's table, at hand, for reference." — Gtode, 

HOUSEHOLD (A) BOOK OF ENGLISH POETRY. Selected 
and arranged, with Notes, by R. C. Trench, D.D., Archbishop of 
Dublin. Extra fcap. 8vo. 5j. 6if. 

" Remarkable for the number of fine poems it contains that are not found in 
other collections." — Express. 

"The selection is made with the most refined taste, and with excellent 
judgment." — Birminghatn Gazette. 

y^/>^^(9A^— SHAKESPEARE'S TEMPEST. With Glossary and 
Explanatory Notes. By the Rev. J. M. Jephson. i8mo. is. 6d. 

** His notes displa)^ a thorough familiarity with our older English literature, 
and his preface is so full of intelligent critical remark, that many readers 
will wish that it were longer."'— GuaniuiH. 

OPPEN:— FRENCH READER. For the use of Collies and 
Schools. Containing a Graduated Selection from Modem Authors 
in Prose and Verse; and copious Notes, chiefly EtymologicaL 
By Edward A. Oppen. Fcap. 8vo. cloth, 4s. 6d. 

" Mr. Oppen has produced a French Reader, which is at once moderate yet 
full, informing yet interesting, which in its selections balances the moderns 

fairly against the ancients The examples are chosen with taste and 

skill, and are so arranged as to form a most agreeable course of French 
reading. An etymological and biographical appendix constitutes a very 
valuable feature of the work." — Birmingham Daily Post. 

A SHILLING BOOK of GOLDEN DEEDS. A Reading-Book for 

Schools and General Readers. By the Author of "The Heir of 

RedclyfTe." i8mo. cloth. 

** To collect in a small handy volume some of the most conspicuous of these 
(examples) told in a graphic and spirited style, was a happy idea, and the 
result IS a little book that we are sure will be in almost constant demand in 
the parochial libraries and schools for which it is avowedly intended."— 
Educational Times. 
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A SHILLING BOOK of WORDS from the POETS. By C. M. 
Vaughan. i8mo. cloth. 

THRING.—'V^oxVs by Edward Thring, IMC.A., Head Master of 
Uppingham :— 

— THE ELEMENTS of GRAMMAR taught in ENGLISH. 
With Questions. Fourth Edition. i8mo. 2s. 

— THE CHILD'S GRAMMAR. Being the substance of "The 
Elements of Grammar taught in English," adapted for the use of 
Junior Classes, A New Edition. i8mo. is. 

The author's effort in these two books has been to point out the broad, 
beaten, ever]r-day path, carefully avoiding digressions into the bye-ways 
and eccentricities of language. This work took its rise from questionings 
in National Schools, and the whole of the first part is merely the writing 
out in order the answers to questions which have been used already with 
success. Its success, not only in National Schools, from practical work 
in which it took its rise, but also in classical schools, is full of encourage- 
ment. 

— SCHOOL SONGS. A collection of Songs for Schools. With 
the Music arranged for Four Voices. Edited by the Rev. E. 
Thring and H. Riccius. Folio. *js, 6d, 
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EASTWOOD,— THE BIBLE WORD BOOK. A Glossary of Old 
English Bible Words. By J. Eastwood, M.A., of St. John's 
College, and W. Aldis Wright, M.A., Trinity College, Cam- 
bridge. i8mo. 5 J. 6d. 

HARDWICK.-^K HISTORY of the CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommunication 
of Luther. By Archdeacon Hardwick. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A. Keith Johnston. Second Edition. Crown 8vo. ioj. 6^, 

— A HISTORY of the CHRISTIAN CHURCH during the 
REFORMATION. By Archdeacon Hardwick. Revised by 
Francis Procter, M.A. Second Edition. Crown 8vo. ioj. (id. 
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MA CLE A /^.— Works by the Bev. G, P. ]MEacleary B.D., Head 
Master of King's College School, and Preacher at the Temple 
Church : — 

— A CLASS-BOOK of OLD TESTAMENT HISTORY. Fourth 
Edition, with Four Maps. i8mo. cloth, 4s. 6d. 

** A work which for fulness and accuracy of information may be confidently 
recommended to teachers as one of the best text-books of Scripture History 
which can be put into a pupil's hands." — Educational Times. 

— A CLASS-BOOK of NEW TESTAMENT HISTORY : in- 
cluding the Connection of the Old and New Testament. With 
Four Maps. Second Edition. i8mo. cloth. 5j. 6d. 

" Mr. Maclear has produced in this handy little volume a singularly clear 
and orderly arrangement of the Sacred Story. . . . His work is solidly and 
completely done." — Atherueunt. 

— A SHILLING BOOK of OLD TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo. doth. 

— A SHILLING BOOK of NEW TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo. cloth. 

— CLASS BOOK of the CATECHISM of the CHURCH of 
ENGLAND. Second Edition. i8mo. cloth, 2s, 6d, A Sixpenny 
Edition in the Press. 

PROCTER.— K HISTORY of the BOOK of COMMON PRAYER : 
with a Rationale of its Offices. By Francis Procter, M.A. 
Seventh Edition, revised and enlarged. Crown 8vo. lOir. 6d. 

In the course of the last twenty years the whole question of Liturgical know- 
ledge has been reopened with ^eat learning and accurate research, and it 
is mainly with the view of epitomizing their extensive publications, and 
correcting by their help the errors and misconceptions which had obtained 
currency, that the present volimie has been put together. 

— AN ELEMENTARY HISTORY of the BOOK of COMMON 
PRAYER. By Francis Procter, M.A. Second Edition. 
i8mo. 2s. 6d. 

The author having been frequently tu-ged to give a popular abridgment of 
his larger work in a form which should be suited for use in schools and for 
genenu readers, has attempted in this book to trace the Histonr of the 
Praver-Book, and to supply to the English reader the general results which 
in the larger work are accompanied by elaborate discussions and references 
to authorities indispensable to the student It is hoped that this book may 
form a useful manual to assist people generally to a more intelligent use of 
the Forms of our Common Prayer. 

PSALMS of DAVID Chronologically Arranged. By Four Friends. 

An amended version, with Historical Introduction and Explanatory 

Notes. Crown 8vo., ioj. (>d. 

" It is a work of choice scholarship and rare delicacy of touch and feeling." 
— British Quarterly. 
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RAMSA K— THE CATECHISER'S MANUAL ; or, the Church 
Catechism illustrated and explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By Arthur Ramsay, M.A. 
Second Edition. i8mo. \s. 6d, 

SIMPSON.— PiS EPITOME of the HISTORY of the CHRIST- 
IAN CHURCH. By William Simpson, M.A. Fourth 
Edition. Fcap. 8vo. y. 6d. 

SWAINSON.—K HAND-BOOK to BUTLER'S ANALOGY. 
By C. A. SwAiNSON, D.D., Norrisian Professor of Divinity at 
Cambridge. Crown 8vo. \s. dd. 

WESTCOTT.—K GENERAL SURVEY of the HISTORY of the 
CANON of the NEW TESTAMENT during the First Four 
Centuries. By Brcxjke Foss Westcott, B.D., Assistant Master 
at Harrow. Second Edition, revised. Crown 8vo. lOr. 6^. 

The Author has endeavoured to connect the history of the New Testament 
Canon with the g[rowth and consolidation of the Church, and to point out 
the relation existing between the amount of evidence for the authenticity 
of its component parts and the whole mass of Christian literature. Such a 
method of inquiry will convey both the truest notion of the connexion ol 
the written Word with the living Body of Christ, and the siu-est conviction 
of its divine authority. 

— INTRODUCTION to the STUDY of the FOUR GOSPELS. 
By Brooke Foss Westcott, B.D. Third Edition. Crown 
8vo. lOLf. dd. 

This book is intended to be an Introduction to the Study of the Gospels, ^n 
a subject which involves so vast a literature much must have bmn over- 
looked ; but the author has made it a point at least to study the researches 
of the great writers, and consciously to neglect none. 

— THE BIBLE in the CHURCH. A Popular Account of the 

Collection and Reception of the Holy Scriptures in the Christian 

Churches. Second Edition. By Brooke Foss Westcott, B.D. 

i8mo. cloth, 4x. dd. 

** Mr. Westcott has collected and set out in a popular form the principal facts 
concerning the historv of the Canon of Scripture. The worlc is executed 
with Mr. Westcott's characteristic ability." — Journal qfSacred Literature. 

WILSON.— K^ ENGLISH HEBREW and CHALDEE LEXI-" 
CON and CONCORDANCE to the more Correct Understandii^ 
of the English translation of the Old Testament, by reference to 
the Original Hebrew. By William Wilson, D.D., Canon of 
Winchester, late Fellow of Queen's Collie, Oxford Second 
Edition, carefully Revised. 4to. cloth, 25X. 

The aim of this work is, that it should be useful to Clergymen and all per- 
sons engaged in the study of the Bible, even when they do not possess a 
knowledge of Hebrew ; while able Hebrew scholars have borne testimony 
to the help that they themselves have found in it 



24 BOOKS ON EDUCATION, 



BOOKS ON EDUCATION. 

ARNOLD,-'^ FRENCH ETON ; or, Middie-Class Education and 
the State. By Matthew Arnold. Fcap. 8vo. cloth. 2j. 6</. 

*'A very interesting dissertation on the system of secondary instruction in 
France, and on tne advisability of copying the system m England." — 
Saturday Review. 

— SCHOOLS and UNIVERSITIES on the CONTINENT. 8vo. 
lOLf. 6df. 

BLAKE.— K VISIT to some AMERICAN SCHOOLS and COL- 
LEGES. By Sophia Jex Blake. Crown 8vo. cloth, dr. 

"Miss Blake gives a living picture of the schools and colleges themselves, in 
which that education is carried on." — P all-Mall Gazette. 

** Miss Blake has written an entertaining book upon an important subject ; 
and while we thank her for some valuable information, we venture to 
thank her also for the very agreeable manner in which she imparts it." — 
Atheneeunt. 

''We have not often met with a more interesting work on education than 
that before us." — Educational Times. 

ESSAYS ON A LIBERAL EDUCATION. By Charles Stuart 
Parker, M.A., Henry Sidgwick, M.A., Lord Houghton, 
John Seeley, M.A., Rev. F. W. Farrar, M.A., F.R.S., &c, 
E. E. Bo wen, M.A., F.R.A.S., J. W. Hales, M.A., J. M. 
Wilson, M.A., F.G.S., F.R.A.S., W. Johnson, M.A. Edited 
by the Rev. F. W. Farrar, M. A., F.R.S., late Fellow of Trinity 
College, Cambridge ; Fellow of King's College, London ; Assist- 
ant Master at Harrow; Author of "Chapters on Language," &c., 
&c. Second Edition. 8vo. cloth, lar. id, 

FARRAR.—O^ SOME DEFECTS IN PUBLIC SCHOOL 
EDUCATION. A Lecture delivered at the Royal Institution. 
With Notes and Appendices. Crown 8vo. u. 

7»/?/iVa— EDUCATION AND SCHOOL. By the Rev. Edward 
Thring, M.A., Head Master of Uppingham. Second Edition. 
Crown 8vo. cloth, dr. • 

yora/y^iVS-.— MODERN CULTURE: its True Aims and Require- 
ments. A Series of Addresses and Arguments on the Claims of 
Scientific Education. Edited by Edward L. Youmans, M.D. 
Crown 8vo. &r. d/. 
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